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N = 1 GEOMETRIC SUPERGRAVITY AND CHIRAL TRIPLES ON RIEMANN
SURFACES
VICENTE CORTÉS, C. I. LAZAROIU, AND C. S. SHAHBAZI
Abstract. We construct a global geometric model for the bosonic sector and Killing spinor equa-
tions of four-dimensional N = 1 supergravity coupled to a chiral non-linear sigma model and a
Spinc
0
structure. The model involves a Lorentzian metric g on a four-manifold M , a complex
chiral spinor and a map ϕ : M → M from M to a complex manifold M endowed with a novel
geometric structure which we call chiral triple. Using this geometric model, we show that if M is
spin the Kähler-Hodge condition on a complex manifold M is enough to guarantee the existence
of an associated N = 1 chiral geometric supergravity, positively answering a conjecture proposed
by D. Z. Freedman and A. V. Proeyen. We dimensionally reduce the Killing spinor equations to
a Riemann surface X, obtaining a novel system of partial differential equations for a harmonic
map with potential ϕ : X → M from X into the Kähler moduli space M of the theory. We
characterize all Riemann surfaces admitting supersymmetric solutions with vanishing superpo-
tential, proving that they consist on holomorphic maps of Riemann surfaces into M satisfying
certain compatibility condition with respect to the canonical bundle of X and the chiral triple of
the theory. Furthermore, we classify the biholomorphism type of all Riemann surfaces carrying
supersymmetric solutions with complete Riemannian metric and finite-energy scalar map.
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1. Introduction
Supergravity theories are supersymmetric theories of gravity which, at least from a differential-
geometric point of view, can be viewed as a system of partial differential equations coupling a
Lorentzian metric to a number of other objects, such as connections on principal bundles, spinors or
forms of different degrees arising as curvatures on (possibly higher) abelian gerbes [25, 52, 55]. The
equations defining a supergravity theory are strongly constrained by the requirement of invariance
under local supersymmetry transformations. The local structure of supergravity theories has been
the object of intense study since the discovery of supersymmetry in the early seventies, and nowadays
there exists a reasonably complete local classification of (ungauged) supergravities in Lorentzian
signature, see [4–6, 55] and references therein for more details. However, geometric models which
implement and extend at a global level the mathematical structures and symmetries appearing in
the local formulation of these theories have not been systematically investigated. The motivations
to construct global geometric formulations of supergravity theories are manifold. For instance,
the understanding of the global structure of supergravity solutions, that is their U-fold structure
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[16, 35], requires a precise knowledge of the global mathematical structure of the supergravity theory
under consideration. This is, among other reasons, because the extension of a local supergravity
solution demands an a priori knowledge of the global mathematical definition of the local fields
that are to be extended. A second important motivation is given by the (á la Kuranishi) study of
moduli spaces of solutions of supergravity theories, which requires having a precise description of
the equations of motion of the theory in terms of globally well-defined differential operators. In this
situation, the choice of global geometric model used for the supergravity theory under consideration
may dramatically affect the corresponding moduli space of solutions.
A global geometric model for the generic bosonic sector of four-dimensional supergravity was
constructed in [43, 44]. This model involves a flat submersion π : E →M over space-time and a flat
symplectic vector bundle S over E. Whereas the previous model includes the bosonic sector of any
ungauged four-dimensional supergravity theory, it does not yet implement supersymmetry. One of
the goals of the present article is to contribute to this problem by giving a global construction of
the Killing spinor equations in the case of (ungauged) N = 1 supergravity coupled to chiral matter.
This corresponds to the case in which π is trivial and S = E has trivial fibers, corresponding to
the situation in which the theory is not coupled to gauge fields. Whereas a geometric model for the
complete N = 1 supergravity theory, including its fermionic sector, is desirable, for the differential-
geometric applications we have in mind, in the spirit to the two motivational examples given above,
constructing a geometric model for the bosonic sector together with the associated Killing spinor
equations is sufficient. The Killing spinor equations are in this context crucial, as they determine
the notion of supersymmetric solution and give rise to well-defined moduli spaces which generalize
and extend well-known moduli problems in the mathematical literature, such as the moduli problem
of generalized instantons [19, 53] or most notably the moduli problem of pseudo-holomorphic maps
[48]. From a physical point of view, N = 1 four-dimensional supergravity is one of the most relevant
supergravity theories because of its many applications to particle physics, cosmology and string
phenomenology, see [17, 18] and references therein for more details. The present article is part of
a long term program aimed at developing the mathematical theory and foundations of geometric
supergravity, which we define as the geometric global theory of bosonic supergravity together with
its associated supersymmetry Killing spinor equations.
The geometric model we present for N = 1 supergravity is based on the notion of a chiral triple,
introduced in Definition 3.11, which encodes a set of sufficient conditions for a complex manifold
M to be an admissible target space for the non-linear sigma model of the theory. Strictly speaking,
the notion of a chiral triple is not equivalent with the Kähler-Hodge condition usually considered
in the literature [4, 25, 58], since the former contains more information and in particular requires
the existence of an isomorphism between the pull-back of the holomorphic line bundle appearing in
the chiral triple and the determinant line bundle of the Spinc0(3, 1) structure Q. However, we prove
that if M is spin then every Kähler-Hodge manifold M admits a chiral triple and thus it can occur
as the scalar manifold of N = 1 chiral supergravity, whence answering in the positive a question
raised in [25, Section 17.5].
We couple the theory to a Spinc0(3, 1) structure Q by using a delicate interplay between the chiral
triple and the determinant line bundle of Q which exists thanks to very specific properties of the
Clifford algebra in signature (3, 1). Consequently, we formulate the geometric model using complex
chiral spinors associated to Q. We illustrate the construction with several examples. We find that
the Killing spinor equations of chiral N = 1 supergravity yield a very rich system of spinorial
equations which are characterized by the crucial role played by the superpotential and its interplay
with complex conjugation operation on the spinor bundle. To the best of our knowledge, this system
remains unexplored in the mathematical literature and gives rise to a number of outstanding open
problems, see Section 5 for more details. Regarding the moduli theory of the Killing spinor equations
with non-trivial superpotential, we expect to find a variation of the moduli theory of the perturbed
pseudoholomorphicity equations for a map from a Riemann surface into a Kähler manifold. In the
particular case in which the scalar manifold of the theory is a point, the Killing spinor equations
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reduce to a particular instance of generalized Killing spinor equation as introduced in [28, 29], in
which complex conjugation on the spinor bundle plays a pivotal role.
As an application of the geometric model that we present, we reduce the theory to a Riemann
surface and characterize all supersymmetric solutions with vanishing superpotential, obtaining the
following result.
Theorem 1.1. Supersymmetric solutions of chiral N = 1 ungauged supergravity with vanishing
superpotential on a Riemann surface X consist of holomorphic maps ϕ : X →M satisfying a stability
condition with respect to the linearization given by the canonical bundle of X and the chiral triple
of the theory.
A detailed account of this result is given in Theorem 4.12. Using a seminal result by A. Huber, see
[38, Pages 1-2], we can exploit the previous theorem to prove the following classification result.
Theorem 1.2. If X admits a supersymmetric solution with complete Riemannian metric and finite-
energy scalar map, then it is biholomorphic with either P1, a complex elliptic curve E, the complex
plane C or the punctured complex plane C∗, with prescribed metric singularities on the one-point
and two-point compactification of C or C∗, respectively.
A detailed account of this result is given in Theorem 4.20. Taking the Riemann surface X to be
compact, the previous theorem recovers the black-hole horizon topologies classified in [33], see also
[49]. In contrast to theN > 1 case, supersymmetric solutions of local chiralN = 1 supergravity have
not been systematically classified even at the local level. Supersymmetric solutions with vanishing
superpotential were considered in [51], where the local generic form of the metric was obtained,
and the problem of constructing supersymmetric solutions was reduced to solving a minimal set
of partial differential equations. Local supersymmetric solutions with non-vanishing superpotential
were studied in [32], where they were characterized in terms of a minimal set of partial differential
equations. Other aspects of supersymmetric solutions of N = 1 supergravity have been explored in
[33, 37, 49]. We hope that the geometric model presented in this work can constitute a stepping
stone towards the understanding of the global structure of N = 1 supergravity supersymmetric
solutions as well as the associated moduli spaces. From a different point of view, a previous contri-
bution to the development of a geometric formulation of supergravity appeared in [26], where the
authors introduced a formulation of supersymmetry which is covariant with respect to coordinate
transformations in the scalar manifold. We note that the N = 1 Killing spinor equations that we
present in this article are by construction automatically covariant in the sense of Op. Cit.
One of the key aspects of supersymmetry is that it provides (partial) integration of the bosonic
equations of the theory in terms of (usually) first-order spinorial equations. It is then reasonable
to consider the existence of different spinorial equations whose solutions are nonetheless solutions
of N = 1 supergravity, albeit of a non-supersymmetric type. Inspired by this possibility, in Sec-
tion 4.2 we introduce the notion of anti-supersymmetric solution, which yields a family of non-
supersymmetric solutions on manifolds given by the direct product of R2 and a hyperbolic Riemann
surface. In view of the results of [33], it is natural to wonder if some of these non-supersymmetric
solutions can appear as near-horizon geometries of non-supersymmetric black holes in N = 1 su-
pergravity.
The outline of the paper goes as follows. In Section 2 we give a detailed account of Clifford
algebras in four Lorentzian dimensions and the associated real and complex irreducible modules. In
Section 3 we introduce the notion of chiral triple as well as the geometric model for the bosonic sector
and Killing spinor equations of chiral N = 1 supergravity, giving several examples. In Section 4 we
reduce the geometric model to a Riemann surface and characterize all supersymmetric solutions with
vanishing superpotential. Furthermore, we introduce the notion of anti-supersymmetric solution in
terms of a natural variation of the Killing spinor equations which still yield solutions of chiral N = 1
supergravity. We provide numerous examples of supersymmetric and anti-supersymmetric solutions.
In Section 5 we conclude with a summary of results and a list of related open problems.
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2. Clifford algebras in four dimensions
In this section we present the background material on four-dimensional Clifford algebras that
shall be needed in the rest of the manuscript. Let (V, h) be a four-dimensional real vector space
equipped with a non-degenerate symmetric bilinear form h of signature (3, 1) = (+,+,+,−). We
fix a metric volume form ν on (V, h). We denote by Cl(V, h) the real Clifford algebra associated to
(V, h). We use the following convention for the Clifford relation:
v2 = h(v, v) , v ∈ V .
The real Clifford algebra Cl(V, h) admits a unique irreducible real representation:
γ : Cl(V, h)
∼
−→ EndR(ΣR) ,
on a four-dimensional real vector space ΣR. The representation γ is in fact an isomorphism of
unital, associative, real algebras, and hence, upon a choice of a basis in ΣR, γ yields an isomorphism
Cl(V, h) ≃ Mat(4,R), where Mat(4,R) denotes the unital and associative algebra of real four by
four square matrices. Using the canonical isomorphism of vector spaces Cl(V, h) ≃ Λ(V ) between
the Clifford algebra Cl(V, h) and the exterior algebra of V , we can consider the volume form ν as
an element ν = e0e1e2e3 in Cl(V, h), which for simplicity we denote with the same symbol. Here
{e0, . . . e3} denotes a positively oriented orthonormal basis. We have:
ν2 = −Id , ν ∈ Z(Clev(V, h)) ,
where Clev(V, h) ⊂ Cl(V, h) denotes the even subalgebra of Cl(V, h) and Z(Clev(V, h)) denotes the
center of Clev(V, h). Hence, γ(ν) defines an almost complex structure on ΣR which however does not
commute with Clifford multiplication. Restricting γ to Clev(V, h) we obtain the unique irreducible
real representation of Clev(V, h), which is again of real dimension four. Since ν ∈ Z(Clev(V, h)),
the image of Clev(V, h) in End(ΣR) consists on endomorphisms complex-linear with respect to the
complex structure γ(ν). In fact, it can be shown that the restriction of γ to Clev(V, h) gives an
isomorphism of unital and associative algebras:
γ+
def.
= γ|Clev(V,h) : Cl
ev(V, h)
∼
−→ End(ΣR, γ(ν)) ≃ EndC(Σ
+
0 ) ,
where End(ΣR, γ(ν)) denotes the γ(ν)-linear endomorphisms of ΣR and EndC(Σ
+
0 ) denotes the
complex endomorphisms of Σ+0
def.
= (ΣR, γ(ν)), where the later is understood as a two-dimensional
complex vector space with complex structure γ(ν). Defining Σ−0
def.
= (ΣR,−γ(ν)) with the opposite
complex structure with respect to Σ0, we obtain the complex-conjugate representation:
γ−
def.
= γ|Clev(V,h) : Cl
ev(V, h)
∼
−→ End(ΣR,−γ(ν)) ≃ EndC(Σ
−
0 ) .
This way we obtain the two complex-conjugate irreducible representations of Clev(V, h), inducing
equivalent real irreducible representations, which correspond to the two chiral irreducible complex
representations of Clev(V, h). The spin group Spin(V, h) injects in Clev(V, h), and the restriction
of γ+ and γ− to the image of Spin(V, h) in Clev(V, h) yields two, complex-conjugate, irreducible
spinorial complex representations of Spin(V, h), which are again equivalent as real representations.
Since we are interested in irreducible representations of
Spinc(V, h) = (Spin(V, h)× U(1))/ {1,−1} ,
we complexify the previous set up. Let VC
def.
= V ⊗R C denote the complexification of V . Extend-
ing h by C-linearity to VC we obtain a complex quadratic space (VC, hC). We have the following
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isomorphism of complex unital and associative algebras:
Cl(V, h)
def.
= Cl(V, h)⊗ C ≃ Cl(VC, hC) ,
where Cl(VC, hC) denotes the complex Clifford algebra associated to (VC, hC). Hence Cl(V, h) ≃
Mat(4,C). Let Σ
def.
= ΣR⊗C. Extending γ to Cl(V, h) by C-linearity we obtain the unique complex
irreducible representation γC of Cl(V, h):
γC : Cl(V, h)→ End(Σ) .
Note that we have a canonical inclusion Spinc(V, h) ⊂ Cl(V, h) and therefore Spinc(V, h) has an
induced action on Σ. Restricting γC to Cl(V, h) ⊂ Cl(V, h) we obtain the unique complex irreducible
representation of Cl(V, h), which for simplicity we denote again by γC. Since the complex irreducible
Clifford module Σ is the complexification of the irreducible real Clifford module ΣR, Σ admits a
canonical Cl(V, h) equivariant real structure defined in the usual way:
c : Σ→ Σ , ξ ⊗ z 7→ ξ ⊗ z¯ , ξ ∈ ΣR , z ∈ C .
Furthermore, the results of Reference [1, 3], see also [42], show that the real representation vector
space ΣR admits a unique non-degenerate symmetric inner product 〈−,−〉 such that:
〈γ(v)ξ1, ξ2〉 = 〈ξ1, γ(v)ξ2〉 ,
for all ξ1, ξ2 ∈ ΣR and all v ∈ V . In particular, 〈−,−〉 is spin(V, h)-invariant and thus also
Spin0(V, h)-invariant, where Spin0(V, h) ⊂ Spin(V, h) denotes the connected component of Spin(V, h)
containing the identity. We C-linearly extend 〈−,−〉 to Σ. As a C-bilinear inner product in Σ, 〈−,−〉
is still Spin0(3, 1)-invariant but fails to be Spin
c
0(3, 1)-invariant, since:
〈[g, z]ξ, [g, z]ξ〉 = z2〈ξ, ξ〉 , ∀ [g, z] ∈ Spinc0(3, 1) , ∀ ξ ∈ Σ .
The simultaneous existence of 〈−,−〉 and c(−) gives rise to a canonical Spinc0(3, 1)-invariant Her-
mitian scalar product, defined as follows:
(ξ1, ξ2) = 〈ξ1, c(ξ2)〉 , ∀ ξ1, ξ2 ∈ Σ ,
From its definition and the properties of 〈−,−〉 we immediately conclude that:
(γ(v)ξ1, ξ2) = (ξ1, γ(v)ξ2) ,
for all ξ1, ξ2 ∈ Σ and all v ∈ V . We split Σ = Σ1,0 ⊕ Σ0,1 in terms of eigenspaces of the complex
structure γ(ν), which we assume to be extended C-linearly to Σ. We have the following isomorphisms
of complex vector spaces:
Σ1,0 ≃ Σ+0 , Σ
0,1 ≃ Σ−0 .
Note that Σ1,0 and Σ0,1 are maximally isotropic complex subspaces of Σ with respect to (−,−) and
hence (−,−) is of split signature (2, 2).
Let Clev(V, h)
def.
= Clev(V, h)⊗C denote the even Clifford subalgebra of Cl(V, h). The restriction
of γC to Cl
ev(V, h):
γC : Cl
ev(V, h)→ End(Σ1,0 ⊕ Σ0,1) ,
preserves both Σ1,0 and Σ0,1. Therefore, the restriction of γC to Cl
ev(V, h) splits as a sum of the
irreducible representations
γ+
C
: Clev(V, h)→ End(Σ1,0) , γ−
C
: Clev(V, h)→ End(Σ0,1) ,
defined by proyection of γC on the corresponding factor. Note that we have complex isomorphisms:
End(Σ1,0) ≃ EndC(Σ
+
0 ) , End(Σ
0,1) ≃ EndC(Σ
−
0 ) ,
We define the complex volume form νC
def.
= iν ∈ Cl(V, h), which satisfies:
ν2C = Id , νC ∈ Z(Cl
ev(V, h)) ,
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In terms of νC, Cl
ev(V, h) splits as the direct sum of two unital, associative complex algebras as
follows:
Clev(V, h) = Clev+ (V, h)⊕ Cl
ev
− (V, h) , Cl
ev
± (V, h) =
1
2
(1∓ iν)Clev(V, h) .
For ease of notation we define the projectors P±
def.
= 12 (1∓ iγ(ν)) : Cl
ev(v, h)→ Clev± (V, h). We have
the following isomorphisms of complex unital and associative algebras:
Clev+ (V, h) ≃ EndC(Σ
+
0 ) , Cl
ev
− (V, h) ≃ EndC(Σ
−
0 ) .
The restriction of γC to Cl
ev(V, h), which splits as a direct sum in terms of the two inequivalent
irreducible complex representations γ±
C
of Clev(V, h), factors through projection on the given factor
of Clev(V, h) as follows:
γ±
C
: Clev(V, h)→ Clev± (V, h)→ EndC(Σ
±
0 ) , x⊗ z 7→ z P±(x) 7→ (Rez ± Imzγ(ν)) ◦ γ(x) .
Note that γ+
C
and γ−
C
are not complex conjugate of each other, although they induce isomorphic
real representations of Clev(V, h) and are in fact complex-conjugate representations of the latter.
Restricting γ±
C
to Spinc(V, h) ⊂ Clev(V, h) we obtain two of the four irreducible representations of
Spinc(V, h) that will play a role in the mathematical formulation of four-dimensional chiral N = 1
supergravity. We define:
τ
def.
= γC|Spinc(V,h) : Spin
c(V, h)→ AutC(Σ) , τ
± def.= γ±
C
|Spinc(V,h) : Spin
c(V, h)→ AutC(Σ
±
0 ) .
The real structure c : Σ→ Σ intertwines the complex representations τ± through complex conjuga-
tion in the second factor, that is:
c ◦ τ±[g, z] = τ∓[g, z¯] ◦ c , ∀ [g, z] ∈ Spinc(V, h) ,
The failure for τ+ and τ− to be complex-conjugate of each other is given by the outer-automorphism
of Spinc(V, h) defined by complex conjugation on the U(1) factor. For future reference, we introduce
the following irreducible representations:
τ±c : Cl
ev(V, h)→ EndC(Σ
±
0 ) , τ
±
c ([g, z])
def.
= τ±([g, z¯]) , ∀ [g, z] ∈ Spinc(V, h) .
by composition of τ± with the complex-conjugation automorphism of Spinc(V, h). With this defini-
tion we have τ±[g, z] = c ◦ τ∓c [g, z] ◦ c and hence τ
∓
c is the complex conjugate representation of τ
±.
With respect to Clifford multiplication, the irreducible representations τ± and τ±c relate as follows:
τ∓([g, z]) ◦ γ(v) = γ(Adg−1(v)) ◦ τ
±([g, z]) , τ∓c ([g, z]) ◦ γ(v) = γ(Adg−1(v)) ◦ τ
±
c ([g, z]) ,
for all v ∈ V and [g, z] ∈ Spinc(V, h). Therefore, Clifford multiplication by non-zero elements of
V does not preserve the chiral splitting, or, in other words, Clifford multiplication by non-zero
elements of V defines a complex linear map form Σ±0 to Σ
∓
0 . To summarize, we have introduced
four inequivalent irreducible complex representations τ± and τ±c of Spin
c(3, 1). Note that τ± is
complex conjugate to τ∓c and therefore are equivalent as real representations.
3. Bosonic sector and Killing spinor equations
In this section we construct a global geometric model for the Killing spinor equations and bosonic
sector of four-dimensional chiral N = 1 supergravity [14, 15], that is, N = 1 supergravity coupled to
an arbitrary number of chiral multiplets. We will refer to such theory as N = 1 chiral supergravity
or chiral supregravity for short.
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3.1. Chiral spinor bundles. Let (M, g) be a connected and oriented Lorentzian four-manifold,
with Lorentzian metric g. We denote by Cl(M, g) the bundle of real Clifford algebras associated to
(M, g), whose typical fiber is the real Clifford algebra Cl(3, 1) ≃ Mat(4,R) of signature (3, 1). The
construction of supergravity crucially relies on the existence of a vector bundle overM equipped with
Clifford multiplication, whose sections correspond with the supersymmetry generators or parameters
of the theory. Hence, we will assume that (M, g) is equipped with a bundle of irreducible complex
Clifford modules, that is, a pair (S, γ) where S is a complex vector bundle over M and:
γ : Cl(M, g)→ End(S) ,
is a morphism of bundles of unital associative algebras such that, for every point p ∈ M , the
restriction γp : Cl(M, g)p → End(Sp) of γ to the fiber of Cl(M, g) over p is an irreducible complex
Clifford representation. The irreducibility condition is required in order to match the local degrees of
freedom of the N = 1 supersymmetry generator of the theory. Existence of (S, γ) is obstructed. The
obstruction was computed in References [30, 45], where it was shown that (S, γ) exists on (M, g)
if and only if (M, g) admits a Pinc(3, 1) structure, in which case there exists a unique (modulo
isomorphisms) Pinc(3, 1) structure Qpin on (M, g) such that S is the vector bundle associated to
Qpin through the tautological representation of Pinc(3, 1) ⊂ Cl(3, 1)⊗C. Recall that (M, g) admits
a Pinc(3, 1) structure Qpin if and only if there exists a U(1) principal bundle PQpin such that:
w2(M) + w
−
1 (M)
2 + w−1 (M)w
+
1 (M) = w2(PQpin) ,
where w2(M) denotes the second Stiefel-Whitney class of M , w
−
1 (M) denotes the first Stiefel-
Whitney class of the bundle of time-like lines of (M, g), w+1 (M) denotes the first Stiefel-Whitney
class of the bundle of space-like planes of (M, g) and w2(PQpin) denotes the second Stiefel-Whitney
class of PQpin , understood as an SO(2) ≃ U(1) principal bundle. Let ν be the Lorentzian volume
form on (M, g). The complex volume form νC = iν acts as an involution on S and hence induces a
splitting
S = S+ ⊕ S− ,
of S in terms of the so-called chiral bundles S+ and S−. Note that this splitting is not preserved
by the full Clifford algebra but only by its even part. In fact, S+ and S− are inequivalent bundles
of irreducible complex Clifford modules over Clev(M, g), where Clev(M, g) ⊂ Cl(M, g) denotes de
bundle of even Clifford algebras over (M, g), with typical fiber isomorphic to Clev(3, 1) ≃ Mat(2,C).
Furthermore, the Pinc(3, 1) structure Qpin reduces to a Spinc(3, 1) structure Q and we can un-
derstand S+ and S− as being vector bundles associated to Q by means of the two inequivalent
tautological representations τ± of Spinc(3, 1) ⊂ Clev(3, 1)⊗ C introduced in Section 2. Therefore,
we can write:
S = Q×τ Σ , S
± = Q ×τ± Σ
±
0 .
Remark 3.1. The previous discussion shows that a necessary condition to formulate chiral N = 1
supergravity on an oriented Lorentzian manifold (M, g) is for (M, g) to admit a Spinc(3, 1) structure.
For future reference, we define:
S+c
def.
= Q×τ+c Σ
+
0 , S
−
c
def.
= Q×τ−c Σ
−
0 .
Remark 3.2. We have introduced four complex spinor bundles, namely S+, S−, S+c and S
−
c , all of
which are associated to the same Spinc(3, 1) structure Q and all of which will play a relevant role
in the formulation of chiral supergravity.
Given a Spinc(3, 1) structure Q on M , we will denote by PQ its associated characteristic U(1)-
bundle and by LQ its associated determinant complex line bundle. These are defined in terms of Q
as follows:
PQ
def.
= Q ×l U(1) , LQ
def.
= Q×l C ,
where l : Spin(3, 1)→ U(1) is the homomorphism of groups defined through l([g, z]) = z2 acting by
left-multiplication on U(1) and C, respectively.
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Remark 3.3. The space-time manifold (M, g) may admit non-equivalent Spinc(3, 1) structures. The
set of isomorphism classes of Spinc(3, 1) structures can be shown to have the structure of a torsor
over the abelian group H2(M,Z), see for example [27]. Different choices of Spinc(3, 1) structure
yield, in principle, inequivalent chiral supergravity theories.
Lemma 3.4. The real structure c : Σ±0 → Σ
∓
0 induces the following anti-isomorphism of complex
bundles:
c : S± → S∓c , [q, ξ] 7→ [q, c(ξ)] ,
which yields an isomorphism of bundles of real Clifford modules.
Proof. The fact that c is well-defined as an anti-isomorphism of complex vector bundles follows from
the anti-linearity of c : Σ±0 → Σ
∓
0 and the following computation:
[q · [g, z], c(τ±([g, z]−1)ξ)] = [q · [g, z], τ∓c ([g, z]
−1)c(ξ)] = [q, c(ξ)] ,
which holds for all [g, z] ∈ Spinc(3, 1). Additionally, c induces an isomorphism of bundles of real
Clifford modules since γ(v) ◦ c = c ◦ γ(v) for all v ∈ TM . 
Proposition 3.5. The following isomorphisms of complex line bundles hold:
LQ ≃ Λ
2(S+) ≃ Λ2(S−) , L−1Q ≃ Λ
2(S+c ) ≃ Λ
2(S−c ) .
Proof. The result follows from the explicit form of the determinant representation of τ± : Spinc(3, 1)→
Aut(Σ±0 ) and τ
±
c : Spin
c(3, 1)→ Aut(Σ±0 ), which reads:
det(τ±([g, z])) = z2 ∈ U(1) ,
det(τ±c [g, z])) = z¯
2 ∈ U(1) ,
where we have used that det(γ(g)) = 1 for all g ∈ Spin(3, 1). 
To construct chiral supergravity it is convenient to endow S with the sesquilinear pairing (−,−)
and the bilinear pairing 〈−,−〉 introduced in Section 2 on the representation spaces Σ and Σ±0 .
Since they are respectively invariant under Spinc0(3, 1) and Spin0(3, 1) transformations, for this to
be possible we need the Spinc(3, 1) structure Q to further reduce to a Spinc0(3, 1) structure. This is
in general obstructed.
Proposition 3.6. A Spinc(3, 1) structure Q on (M, g) reduces to a Spinc0(3, 1) structure if and only
if:
w−1 (M, g) = 0 ,
where w−1 (M, g) denotes the first Stiefel-Whitney class of the O(1) principal bundle associated to
any O(1)×O(3) reduction of the orthonormal frame bundle.
Proof. The group Spin0(3, 1) is the universal cover of SO0(3, 1), where SO0(3, 1) denotes the con-
nected component of SO(3, 1) containing the identity. The group SO0(3, 1) is in particular time-
and space-orientation preserving. If Q is a Spinc0(3, 1) structure on (M, g), its image inside the
orthonormal frame bundle induces a reduction to SO0(3, 1), implying that (M, g) is time-oriented
and space-oriented. Hence w−1 (M, g) = 0. To prove the converse, we use that (M, g) is oriented
and note that if in addition w−1 (M, g) = 0, then the frame bundle admits a reduction to SO0(3, 1).
This reduction lifts to a Spinc0(3, 1) structure by taking its preimage through the projection of the
Spinc(3, 1) structure Q to the oriented orthonormal frame bundle of (M, g). 
We will assume that the obstruction is satisfied and use for simplicity the same symbol Q to denote
the reduced Spinc0(3, 1) structure. Note that w
−
1 (M, g) = 0 is equivalent to (M, g) being time-
orientable, a condition which is usually assumed in Lorentzian geometry as part of the definition of
a space-time, see for example [11]. In particular we will assume that, given a choice of Lorentzian
metric g, M is endowed with a fixed time-orientation and space-orientation.
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We define:
O : S × S → LQ , [q, ξ0 ⊗ z]× [q, η0 ⊗ w] 7→ 〈ξ0, η0〉 zw ,(1)
B : S × S → C , [q, ξ0 ⊗ z]× [q, η0 ⊗ w] 7→ (ξ0 ⊗ z, η0 ⊗ w) = 〈ξ0, η0〉 zw¯ ,(2)
for all q ∈ Q, ξ0, η0 ∈ ΣR and z, w ∈ C. Note that O is complex bilinear and B is a non-degenerate
Hermitian inner product of split signature (2, 2) for which the chiral bundles S± are maximally
isotropic vector subbundles of S.
The tensor product connection of the Levi-Civita connection ∇g on (M, g) with any connection
∇A on PQ defines a connection on Fr
g
0(M)×M PQ which we denote by ∇
g
A, where Fr
g
0(M) denotes
principal SO0(3, 1) bundle of restricted g-orthonormal frames. Hence Fr
g
0(M)×MPQ is an SO0(3, 1)×
U(1) principal bundle. The connection ∇gA on Fr
g
0(M) ×M PQ canonically lifts to a connection on
the Spinc0(3, 1) bundle Q which in turn induces a connection on S which preserves the chiral splitting
S±. For simplicity, we denote the lifted connection by the same symbol.
We introduce now the description of Spinc0(3, 1) structures that will be used in the definition of
chiral triple. Let M be an oriented four-manifold, and let PGl+ denote the associated principal
Gl+(4,R) bundle of oriented frames, where Gl+(4,R) denotes the maximal connected subgroup of
Gl(4,R). We have π1(Gl+(4,R)) = Z2 and Gl+(4,R) fits in the following short exact sequence
1→ Z2 → G˜l+(4,R)
λ˜
−→ Gl+(4,R)→ 1 ,
where G˜l+(4,R) is the universal covering of Gl+(4,R) and λ˜ denotes the associated cover map. We
define the group G˜l
c
+(4,R) as:
G˜l
c
+(4,R) = G˜l+(4,R) · U(1) =
(
G˜l+(4,R)×U(1)
)
/Z2 ,
which fits into the following short exact sequence:
1→ Z2 → G˜l
c
+(4,R)
λ˜c−→ Gl+(4,R)×U(1)→ 1 ,
where λ˜c denotes a Z2 cover map given by [a, u] 7→ (λ˜(a), u2) for every [a, u] ∈ G˜l
c
+(4,R).
Remark 3.7. Note that G˜l
c
+(4,R) is not a matrix group, since it does not admit any finite-dimensional
faithful representation.
Definition 3.8. A G˜l
c
+(4,R) structure on M is a pair (PG˜lc+
, Λ˜c) where P˜G˜lc+
is principal bundle
with structure group G˜l
c
+(4,R) and Λ˜c is a principal bundle map:
Λ˜c : PG˜lc+
→ PGl+ ,
satisfying:
Λ˜c(qu) = Λ˜c(q)λ˜c(u) ,
for every q ∈ P
G˜l
c
+
and every u ∈ G˜l
c
+(4,R).
To every G˜l
c
+(4,R) structure we can associate a determinant complex line bundle L˜ and a charac-
teristic principal U(1) bundle P˜, just in the same way as we did for Spinc(3, 1) structures.
Proposition 3.9. A fixed choice of G˜l
c
+(4,R) structure (PG˜lc+
, Λ˜c) onM induces, for every Lorentzian
metric g such that w−1 (M, g) = 0, a canonical Spin
c
0(3, 1) structure Q on (M, g). Furthermore the
associated characteristic and determinant bundles are isomorphic:
P˜ ≃ PQ , L˜ ≃ LQ .
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Proof. A Lorentzian metric g on M induces a SO(3, 1) reduction of the bundle of oriented frames of
M , which, using that by assumption w−1 (M, g) = 0, further reduces to a SO0(3, 1) structure Fr
g
0(M).
Then:
ι : Frg0(M) →֒ PGl+ ,
is a connected embedded submanifold and:
Q
def.
= Λ˜−1c (Fr
g
0(M)) →֒ PG˜lc+
,
defines a reduction of P
G˜l
c
+
to a Spinc0(3, 1) principal bundle Q. The restriction of Λ˜c to Q defines
a bundle covering map:
Λc : Q→ Fr
g
0(M) ,
satisfying the equivariance property with respect to λc : Spin
c
0(3, 1) → SO0(3, 1) which makes the
pair (Q,Λc) into a Spin
c
0(3, 1) structure on (M, g). The isomorphisms P˜ ≃ PQ and L˜ ≃ LQ follow
from the fact that the homomorphism:
Spinc0(3, 1)→ U(1) , [g, z] 7→ z
2 ,
factors through the inclusion Spinc0(3, 1) →֒ G˜l
c
+(4,R). 
The choice of a G˜l
c
+(4,R) structure allows to define a canonical Spin
c
0(3, 1) structure associated to
every Lorentzian metric g. This fact will play a relevant role in the definition of chiral supergravity
and the notion of chiral triple, see Definition 3.11.
3.2. Chiral triples and the scalar potential. Once we have described the spinor bundles that
shall be used to formulate the geometric model for the Killing spinor equations of chiral supergravity,
we need to introduce the concept of chiral triple on a complex manifold M, which plays the role of
target space for the non-linear sigma model of the theory. This is the so-called scalar manifold in
the physical literature. Let us fix a complex manifoldM of Kähler type, that is, admitting a Kähler
metric, of real dimension 2n. When necessary, we will denote the complex structure on M by I.
Definition 3.10. Let (L,H) be a Hermitian holomorphic line bundle over M, with Hermitian
structure H. We say that (L,H) is positive (or has positive curvature) if the Chern curvature Θ
associated to H defines a Riemannian metric G on M through the following formula:
2π G
def.
= iΘ ◦ (Id⊗ I) .
We say, that (L,H) is negative (or has negative curvature) if its dual, equipped with the induced
holomorphic and Hermitian structures, is positive. If (L,H) is negative, we define the associated
positive-definite metric as follows:
2π G
def.
= −iΘ ◦ (Id⊗ I) .
To ease the notation we will sometimes denote the holomorphic Hermitian line bundle (L,H) simply
by LH.
Recall that:
(3) V
def.
=
i
2π
Θ ∈ Ω1,1
Z
(M) ,
defines a real (1, 1) integral closed form whose associated de Rham cohomology class [V ] is equal to:
[V ] = (j ◦ c1)(L) ∈ j(H
2(M,Z)) .
Here c1 : Pic(M) → H2(M,Z) denotes the first Chern class map and j : H2(M,Z) → H2(M,C)
denotes the canonical homomorphism mapping the singular integral cohomology of M into its de
Rahm cohomology with coefficients in C. Given a holomorphic Hermitian line bundle LH we denote
the associated principal U(1) bundle by PH. Recall that the Chern connection D of (L,H) is induced
by a unique connection on PH, which we denote by A.
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Definition 3.11. Let M be a complex manifold of Kähler type and M an oriented four-manifold.
A chiral triple on (M,M) is a tuple Q
def.
= (LH,PG˜lc+
,W), where:
• LH
def.
= (L,H) is a negative holomorphic Hermitian line bundle onM and P
G˜l
c
+
is a G˜l
c
+(4,R)
structure on M for which there exists a smooth map ϕ : M →M such that:
(4) L˜ ≃ Lϕ .
That is, the determinant line bundle L˜ of P
G˜l
c
+
is isomorphic with the pull back Lϕ by ϕ of
the holomorphic line bundle L.
• W ∈ H0(L) is a holomorphic section of L, which is usually referred to as the superpotential
in the physics literature.
For future reference, we note the following. There is a canonical embedding:
ι : P˜ = P
G˜l
c
+
×l U(1) →֒ L˜ = PG˜lc+
×l C , [p, u] 7→ [p, u] ,
which is constructed by using the presentation of P˜ and L˜ as bundles associated to P
G˜l
c
+
. Further-
more, there is a canonical projection:
prϕH : L
ϕ
H → P
ϕ
H , l 7→
l
Hϕ(l, l)
1
2
,
and, for every choice of isomorphism Ψ: L˜
≃
−→ Lϕ, there exists a canonical isomorphism of principal
bundles:
ΨH : P˜
≃
−→ PϕH ,
defined as follows:
ΨH
def.
= prϕH ◦Ψ ◦ ι .
Conversely, every isomorphism ΨH : P˜
≃
−→ PϕH induces a canonical isomorphism of complex line
bundles Ψ: L˜
≃
−→ Lϕ in the usual way by using that L˜ and Lϕ are complex line bundles associated
to P˜ and PϕH. For simplicity we will denote ΨH simply by Ψ.
Remark 3.12. A chiral triple Q induces, for any choice of Lorentzian metric g on the oriented four-
manifold M such that w−1 (M, g) = 0, a canonical Spin
c
0(3, 1) structure Qg, whose determinant line
bundle and characteristic bundles are respectively isomorphic to those of P
G˜l
c
+
, see Proposition 3.9.
For simplicity, we denote the Spinc0(3, 1) structure Qg simply by Q, with the implicit understanding
that, given a Lorentzian metric g on M with w−1 (M, g) = 0, the chosen Spin
c
0(3, 1) structure Q
on (M, g) corresponds with the canonical Spinc0(3, 1) structure determined by Q on (M, g). In
particular, we have:
PQ ≃ P
ϕ
H , LQ ≃ L
ϕ .
We will only consider Lorentzian metrics whose associated bundle of time-like lines is trivializable,
that is, satisfying w−1 (M, g) = 0.
Remark 3.13. Note that a given Kähler manifold M need not admit, in general, any chiral triple
for any four-manifold M . If M is compact, Kodaira’s embedding theorem implies that a necessary
condition for M to admit a chiral triple is that it be projective, since it must admit a positive
line bundle. Therefore, non-algebraic complex manifolds of Kähler type, such as non-algebraic tori
or K3 surfaces, give a large number of compact Kähler manifold not admitting chiral triples. The
existence of a chiral triple is also obstructed for non-compact Kähler manifolds. To see this, we
use an argument of Verbitsky on the non-existence of positive holomorphic line bundles on certain
non-compact Kähler manifolds. Consider for instance a K3 surface with no non-zero integral (1, 1)
classes and remove a point p. This is a non-compact Kähler manifold which does not admit positive
line bundles. Indeed, by the previous assumptions, a positive line bundle would imply the existence
of an exact positive form ω. By Sibony’s Lemma, see [56, Theorem 5.1], such ω would be locally
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integrable around p. Therefore, applying Skoda-El Mir Theorem, the trivial extension of ω to the
original K3 surface is a closed, positive and hence exact current. This is impossible, because the K3
surface is closed and Kähler.
In the following we will assume that (M,M) does admit chiral triples. Given a chiral triple Q we
denote by Map(Q) ⊂ C∞(M,M) the set of all smooth maps from M to M satisfying condition
(4) for Q. Note that if ϕ ∈ Map(Q) then all maps in the same homotopy class as ϕ also belong to
Map(Q). We will refer to the elements of Map(Q) as scalar maps. The differential of a scalar map
is a real vector bundle map:
dϕ : TM → TM ,
from TM to the real tangent bundle TM of M. We can consider dϕ as a map from TM to the
complexification TCM = TM⊗C of TM by composition with the canonical injection TM →֒ TCM.
Splitting:
TCM = T
1,0M⊕ T 0,1M ,
in the usual way by using I, we define:
dϕ1,0 : TM → T 1,0M , dϕ0,1 : TM → T 0,1M ,
respectively by projection onto the factors T 1,0M and T 0,1M. As we will see later, these projections
will be necessary for the global formulation of the Killing spinor equations of chiral supergravity. A
choice of chiral triple will unambiguously define a bosonic sector of N = 1 chiral supergravity and
its associated Killing spinor equations. Let |·|H denote the norm induced by H on L. The Hermitian
metrics G and H induce a Hermitian metric on the vector bundle T ∗
C
M⊗L, whose norm we denote
by |·|H,G .
Definition 3.14. The scalar potential associated to the chiral triple Q is the smooth real-valued
function Φk ∈ C∞(M) defined through:
Φk
def.
= |DW|2H,G − k |W|
2
H ,
for a real constant k > 0, where D denotes the Chern connection of LH.
Given a scalar map ϕ : M →M, we denote by Φϕk
def.
= Φk ◦ ϕ the pull-back of Φk.
3.3. Bosonic sector and Killing spinor equations. We are ready to introduce the equations of
motion and Killing spinor equations defining the bosonic sector of chiral supergravity associated to
a particular chiral triple Q. The equations of motion follow from a variational principle involving a
Lorentzian metric g and a scalar map ϕ : M →M.
Definition 3.15. The configuration pre-sheaf ConfQ of N = 1 chiral supergravity associated to Q
is defined as the pre-sheaf of sets that assigns to every open set U ⊂M the following set:
ConfQ(U)
def.
= {(g, ϕ) | g ∈ L0(U) , ϕ ∈ MapU (Q)} ,
where L0(U) denotes the space of Lorentzian metrics on U ⊂ M such that w
−
1 (U, g) = 0 and
MapU (Q) denotes the set of smooth maps from U to M that satisfy condition (4).
Given a scalar map ϕ ∈ Map(Q), we denote by TMϕ the pull-back of TM by ϕ. We equip TMϕ
with the bundle pull-back metric Gϕ of G. Likewise, we respectively denote by Wϕ, Hϕ and Dϕ
the bundle pull-backs of W , H and D by ϕ. In general, for any section s of a bundle over M we
denote by sϕ
def.
= s ◦ ϕ the corresponding section of the pull-back bundle. We denote by |−|g,G the
norm induced by g and Gϕ on TM ⊗ TMϕ and associated tensor powers. Inspired by the local
formulation of standard chiral N = 1 supergravity [25, 52] we introduce the following definition.
Definition 3.16. The Lagrange density Lag : ConfQ(U) → Ω
4(U) of chiral N = 1 ungauged
supergravity associated to the scalar manifold (M,Q) is given by:
(5) Lag[g, ϕ] =
[
Rg − |dϕ|
2
g,G − Φ
ϕ
k
]
volg , (g, ϕ) ∈ ConfQ(U) ,
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for every open subset U of M , where volg is the Lorentzian volume form of (M, g) and Rg is the
scalar curvature of g.
The following Proposition follows from direct computation by using standard theory of variations,
so we leave its proof to the reader.
Proposition 3.17. The Euler-Lagrange equations associated to the Lagrangian (5) is given by:
• The Einstein equations:
(6) EE(g, ϕ)
def.
= G(g)− T(g, ϕ) = 0 ,
where the energy-momentum tensor T(g, ϕ) ∈ Γ(M,⊙2T ∗M) given by:
T(g, ϕ) = ϕ∗G −
1
2
(
|dϕ|2g,G + Φ
ϕ
k
)
g .
and G(g) = Ricg − R
g
2 g is the Einstein tensor.
• The scalar equations:
(7) ES(g, ϕ)
def.
= Trg∇dϕ−
1
2
(gradGΦk)
ϕ = 0 ,
where ∇ denotes the connection induced by the Levi Civita connections on (M, g) and
(M,G).
for pairs (g, ϕ) ∈ ConfQ(M).
Remark 3.18. We denote by SolQ ⊂ ConfQ the pre-sheaf of solutions of (6) and (7).
We proceed now to introduce the Killing spinor equations of chiral N = 1 supergravity. First, we
need the following result.
Proposition 3.19. For every isomorphism Ψ: LQ
≃
−→ Lϕ of complex line bundles, there exists
canonical isomorphisms of complex vector bundles:
TΨ : L
ϕ ⊗ S±c
≃
−→ S± .
Proof. Using the identification Ψ: LQ
≃
−→ Lϕ, such canonical isomorphism is given by:
TΨ : L
ϕ ⊗ S±c
≃
−→ S± , [q, z]⊗ [q, ξ] 7→ [q, z ξ] ,
for all [q, ξ] ∈ S±c = Q×τ±c Σ
±
0 and [q, z] ∈ L
ϕ = Q×l C. This is well-defined since:
[q [g, w], (w−2z) (w g−1) ξ] = [q [g, w], w−1g−1 z ξ] = [q, z ξ] ,
where we have used that any representative of the class [q, z] ∈ Lϕ is of the form (q[g, w], w−2 z) and
any representative of the class [q, ξ] ∈ S±c is of the form (q[g, w], τ
±
c ([g, w]
−1) ξ) = (q[g, w], wg−1 ξ)
for an element [g, w] ∈ Spinc0(3, 1). 
Let ϕ ∈ Map(Q) be a scalar map. For every superpotential W , scalar map ϕ, Chern connection D
and isomorphism Ψ: Lϕ
≃
−→ LQ we define the morphisms of real vector bundles:
CΨW,ϕ : S
± → T ∗M ⊗ S± , CΨ,DW,ϕ : S
± → Λ1,0T ∗Mϕ ⊗ S∓ ,
as follows:
CΨW,ϕ(ǫ)(v)
def.
= v · TΨ (W
ϕ ⊗ c(ǫ)) , CΨ,DW,ϕ(ǫ) = TΨ((DW)
ϕ ⊗ c(ǫ)) , ∀ v ∈ X(M) , ∀ ǫ ∈ Γ(S±)
where in the definition of CΨ,DW,ϕ we have trivially extended TΨ to sections of L
ϕ ⊗ S±c taking values
on Λ1,0T ∗Mϕ. Here the dot denotes Clifford multiplication TM ⊗ S → S.
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Remark 3.20. Recall that the superscript ϕ in (DW)ϕ denotes pull-back of DW as a section of
an abstract vector bundle instead of a one-form taking values on a complex line bundle. Hence,
(D1,0W)ϕ ∈ Γ(Λ1,0T ∗Mϕ⊗Lϕ), where Λ1,0T ∗Mϕ denotes the vector bundle overM obtained from
Λ1,0T ∗M via bundle pull-back by ϕ.
Remark 3.21. For future reference, it is convenient to explicitly write the local form of the complex
isomorphism TΨ defined above. Let E : U → Q denote a local section of Q, with U ⊂ M open.
The local section E canonically defines local frames u, {ea}a=1,2 and {e
c
a}a=1,2 of PH, S
+ and S−c ,
respectively. A similar discussion applies if we consider instead S− and S+c . Furthermore, it can be
seen that:
c(eca) = ea , a = 1, 2 .
Let lϕ denote the pull-back by ϕ of a local holomorphic frame l of L. Define Hϕl
def.
= Hϕ(lϕ, lϕ).
The local frame E : U → Q can be chosen such that:
uϕ = (Hϕl )
− 1
2 lϕ ,
where we are considering u as a unitary section of (L,H). The isomorphism of complex vector
bundles TΨ constructed in Proposition 3.19 can be evaluated at the homogeneous element l
ϕ ⊗ eca,
yielding:
TΨ(l
ϕ ⊗ eca) = (H
ϕ
l )
1
2 TΨ(u
ϕ ⊗ eca) = (H
ϕ
l )
1
2 ea .
Any section η ∈ Γ(S−c ) can be locally written as:
η = ηa eca ,
for some local complex valued smooth functions ηa. Extending TΨ complex linearly we obtain:
TΨ(l
ϕ ⊗ η) = (Hϕl )
1
2 TΨ(η
a uϕ ⊗ eca) = (H
ϕ
l )
1
2 ηa ea ,
which gives the local expression of TΨ. Let now ǫ ∈ Γ(S+) be a section of S+, which we write as
ǫ = ǫaea. We have:
TΨ(l
ϕ ⊗ c(ǫ)) = (Hϕl )
1
2 TΨ(u
ϕ ⊗ c(ǫaea)) = (H
ϕ
l )
1
2 ǫ¯a ea ,
This expression will be used in the proof of Proposition 3.27.
Given a chiral triple Q, a choice of isomorphism Ψ: LQ
≃
−→ Lϕ and a Lorentzian metric g we have
a canonical choice ∇gΨ∗Aϕ of connection on the spinor bundle S, which is constructed as follows.
The choice of isomorphism Ψ: LQ → Lϕ of complex line bundles induces a canonical isomorphism
of principal U(1) bundles (which we denote by the same symbol) Ψ: PQ → P
ϕ
H. We use this
isomorphism to take the pull-back of Aϕ and define a connection Ψ∗Aϕ on PQ. The connection
Ψ∗Aϕ on PQ together with the Levi-Civita connection of (M, g) yield, in the usual way through
tensor product and lifting, a unique associated connection ∇gΨ∗Aϕ on S. For ease of notation we
denote ∇gΨ∗Aϕ simply by ∇
ϕ. Recall that we defined A as the unique unitary connection on PH to
which the Chern connection D on LH is associated in the standard way, and that the superscript ϕ
denotes pull-back by ϕ.
Definition 3.22. We define the extended configuration pre-sheaf ConfQ,E as the pre-sheaf of sets
which assigns, to every open set U ⊂M , the following set:
ConfQ,E
def.
=
{
(g, ϕ, ǫ,Ψ) ∈ ConfQ(U)× Γ(S
−|U )× Iso(LQ|U ,L
ϕ|U )
}
,
where Ψ ∈ Iso(LQ|U ,Lϕ|U ) is a C∞-isomorphism of complex line bundles over U .
Definition 3.23. Let Q be a chiral triple on (M,M). The Killing spinor equations (KSE) associ-
ated to Q are defined as follows:
(8) ∇ϕǫ = CΨW,ϕ(ǫ) , (dϕ
0,1)♭ · ǫ = CΨ,DW,ϕ(ǫ) ,
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for tuples (g, ϕ, ǫ,Ψ) ∈ ConfQ,E . Here the dot denotes Clifford multiplication T ∗M ⊗ S → S and
♭ the musical isomorphism T 0,1Mϕ ≃ Λ1,0TMϕ associated to the Hermitian metric Gϕ. A spinor
ǫ ∈ Γ(S−) satisfying Equations (8) is called a supersymmetry spinor or supersymmetry generator.
Remark 3.24. In the definition of Killing spinor equations we have allowed only for supersymmetry
spinors ǫ ∈ Γ(S−) of negative chirality. In principle, either choice of chirality is allowed. The right
choice exclusively depends on the conventions used: once the conventions have been fixed only one of
the two chiralities, in our conventions negative chirality, will be compatible with the supersymmetric
structure of the theory. This is one of the reasons why this supergravity theory is called chiral.
Definition 3.25. We define the pre-sheaf of supersymmetric configurations as the pre-sheaf of sets
ConfQ,S which to every open subset U ⊂M assigns the following set:
ConfQ,S(U)
def.
= {(g, ϕ, ǫ,Ψ) ∈ ConfQ,E(U) | KSE are satisfied}
We say that (g, ϕ) ∈ SolQ(M) is a supersymmetric solution if there exists at least one spinor
ǫ ∈ Γ(S−) and isomorphism Ψ ∈ Iso(LQ,Lϕ) such that (g, ϕ, ǫ,Ψ) ∈ ConfQ,S(M). We denote the
pre-sheaf of supersymmetric solutions by SolQ,S .
Remark 3.26. Notice that we have not used the condition w−1 (M, g) = 0. Indeed, this is not required
to formulate neither the equations of motion nor the Killing spinor equations. However, it is crucial
in order to construct the full supersymmetric Lagrangian, since it requires the use the sesquilinear
pairing B introduced in Equation (1), which is only invariant under Spinc0(3, 1), compare Proposition
3.6.
The following Proposition shows that chiral N = 1 supergravity and its associated Killing spinor
equations, as introduced in Definitions 3.16 and 3.23, reproduce the well-known local formulation of
four-dimensional ungauged N = 1 supergravity coupled to chiral multiplets, which the reader can
find explained in detail in References [25, 52]. This result summarizes the underlying motivation for
the structures and definitions introduced so far, showing in addition that we have constructed an
allowed global extension of the local formulas defining ungauged N = 1 chiral supergravity in four
Lorentzian dimensions.
Proposition 3.27. Let Q be a chiral triple on (M,M), (U, xµ) a local coordinate chart on M and
(V,wi) a holomorphic coordinate chart on M. The restriction of the bosonic Lagrangian
Lag : ConfQ(U)→ C
∞(U)
and Killing spinor equations to the chart U are respectively given by:
Lag[g, ϕ]|U =
[
Rg − 2Gij(z, z¯) ∂µz
i∂µz¯j − Φk(z, z¯)
]
volg ,
and:
∇ϕµǫ = e
K(z,z¯)/2W (z)γµǫ¯ , Gik(∂µz¯
k)γµǫ = eK(z,z¯)/2DiW (z)ǫ¯ ,
where
{
zi
}
denotes the local coordinate expression of ϕ, Gij = G(
∂
∂wi ,
∂
∂w¯j ) = ∂wi∂w¯jK denotes the
restriction of G to U , and K is an associated Kähler potential. Here we assume ϕ(U) ⊂ V . Hence,
Definition 3.16 and Definition 3.23 locally reproduce the standard local bosonic sector and Killing
spinor equations of N = 1 chiral supergravity.
Proof. The complexified tangent bundle TCM is locally the complex span of {∂wi , ∂w¯i}, whereas
the tangent bundle TM is locally the real span of {∂xµ}. We have:
dϕ(∂µ) = ∂µz
i ∂wi + ∂µz¯
i ∂w¯i ,
where for simplicity we denote by:
zi
def.
= wi ◦ ϕ : U ⊂ R4 → C ,
the local components of ϕ. Hence:
(dϕ)1,0(∂µ) = ∂µz
i ∂wi , (dϕ)
0,1(∂µ) = ∂µz¯
i ∂w¯i .
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Explicit computation gives:
|dϕ|2g,G |U = 2 g
µν ∂µz
i∂ν z¯
k Gik(z, z¯) ,
which corresponds with the standard sigma model appearing in the local formulation of chiral
supergravity. Let l : V → L be a holomorphic local trivializing section of L. We set Kl(w, w¯)
def.
=
H(l, l) ∈ C∞(V ) and write W|V = W (w) l for some local holomorphic complex function W (w) on
V . We have:
|W|2H
∣∣∣
V
= Kl(w, w¯) |W (w)|
2
Furthermore, we write Dl = Q⊗ l for the Chern connection D, where Q ∈ Ω1,0(X) is a local (1, 0)
form, which in local coordinates
{
wi
}
is given by:
Q = ∂ log Kl(w, w¯) = ∂i log Kl(w, w¯) dw
i .
The associated Chern curvature is locally given by Θ(D) = −∂∂¯ log Kl(w, w¯). By the definition of
chiral triple, the two-form:
i
2π
∂∂¯ log Kl(w, w¯) ,
is the Kähler form associated to G and I. Hence, we can write:
i
2π
∂∂¯ log Kl(w, w¯) =
i
2π
∂∂¯ K(w, w¯) ,
for some local Kähler potential K(w, w¯) ∈ C∞(V ). Integrating, we can express Kl(w, w¯) in terms
of K(w, w¯) as follows:
Kl(w, w¯) = e
K(w,w¯) ,
uniquely up to the usual local Kähler transformations of K(w, w¯). With these provisos in mind we
obtain:
DW|V = DiW dw
i = (∂i + ∂iK(w, w¯))W (w) dw
i ⊗ l ,
whence:
Φk = e
K(w,w¯)
[
Gij(w, w¯)DiW (w)D¯jW¯ (w¯)− kW (w)W¯ (w¯)
]
,
which, for k = 3, corresponds with the standard potential of local chiral supergravity. Since by
definition ∇ϕ is constructed by lifting the product connection of the Levi-Civita connection with
the pull-back by ϕ of A, we can write locally:
∇ϕµǫ = ∇
g
µǫ+
1
2
Aϕµ(z, z¯)ǫ ,
where ∇gµ is the local lift to the spinor bundle of the Levi-Civita connection associated to g and:
Aϕµ =
1
2
(∂µz
i∂iK(z, z¯)− ∂µz¯
i∂¯iK(z, z¯)) .
Note that the formula above gives the local form of the Chern connection with respect to a uni-
tary frame instead of a holomorphic frame. This gives the local form of the standard U(1)-coupled
covariant derivative appearing in the supersymmetry transformation of the gravitino of chiral su-
pergravity. Let now E : U → Q denote a local section of Q, with U ⊂M open subset. As explained
in Remark 3.21, the local section E canonically defines local frames u, {ea} and {eca} of S
− and S+c ,
respectively. We choose E such that the following is satisfied:
u =
l
H(l, l)
1
2
Let lϕ : U → Lϕ be the pull-back by ϕ of the local holomorphic frame l over V ⊂M. Upon the use
of Proposition 3.19 and Remark 3.21 we obtain:
TΨ(W
ϕ ⊗ c(ǫ))|U =W (z)TΨ(l
ϕ ⊗ c(ǫaea)) =W (z) ǫ¯
a TΨ(l
ϕ ⊗ eca) =W (z) e
K(z,z¯)/2ǫ¯a ea ,
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compare Remark 3.21. Similarly, we have:
TΨ((DW)
ϕ ⊗ c(ǫ))|U = DiW (z)TΨ(dz
i ⊗ lϕ ⊗ c(ǫaea)) = ǫ¯
aDiW (z) dz
i ⊗ TΨ(l
ϕ ⊗ eca)
= eK(z,z¯)/2DiW (z) ǫ¯
a dzi ⊗ ea .
Using now that:
(dϕ0,1)♭ · ǫ|U = Gik(∂µz¯
k)γµǫ ,
we conclude. 
3.4. Chiral supergravity on a spin four-manifold. Under the assumption that the Spinc0(3, 1)
structure Q considered so far can be reduced to Spin0(3, 1) structure Q0, we will show how now
to formulate the Killing spinor equations in terms of the Dirac spinor bundle S0 associated to Q0
and a holomorphic line bundle R over M. In the formalism of the previous subsection, the latter
corresponds to a square root of the line bundle L. As a consequence, the pull-back Rϕ is the square
root of Lϕ. The existence of such square root follows from the relation 0 = w2(M) = c1(LQ) mod 2.
Hence, let Q0 be a Spin0(3, 1) structure on (M, g) and let S0 denote the associated Dirac complex
spinor bundle, which splits as S0 = S
+
0 ⊕ S
−
0 in terms of the chiral spinor bundles S
±
0 . We denote
by (−,−)0 the Spin0(3, 1)-invariant Hermitian product on S0. Contrary to what happened in the
Spinc0(3, 1) case, the spinor bundle S0 admits now a real structure, that is, a antilinear and involutive
isomorphism c0 : S
±
0 → S
∓
0 . In this set up, the notion of chiral triple can be simplified in a way which
we proceed to discuss. For the benefit of the reader we recall that, using the notion introduced in
Section 2, S0, S+0 and S
−
0 are associated with the Spin0(3, 1) modules Σ, Σ
0,1 and Σ1,0, respectively.
Definition 3.28. Let M be a complex manifold of Kähler type. A chiral triple defined on M
is a triple (R,H 1
2
,W), where (R,H 1
2
) is a negative (in the sense of Definition 3.10) Hermitian
holomorphic line bundle, with Hermitian structure H 1
2
, and W is a holomorphic section of L
def.
=
R⊗R.
Remark 3.29. Note that the previous definition does not impose any conditions on the admissible
scalar maps ϕ : M →M and, in fact, it is independent of M as long as the latter M is spin.
We equip L with the Hermitian form H
def.
= H 1
2
⊗ H 1
2
induced by H 1
2
. Given any scalar map
ϕ : M →M, we define the (chiral) supergravity spinor bundle associated to ϕ as follows:
S
def.
= S0 ⊗R
ϕ , S±
def.
= S±0 ⊗R
ϕ ,
where Rϕ denotes the pull-back of R by ϕ, which we endow with the pull-back Hermitian form Hϕ1
2
.
Likewise, we define:
Sc
def.
= S0 ⊗ (R
ϕ)−1 , S±c
def.
= S±0 ⊗ (R
ϕ)−1 ,
Here we have used the symbols S± and S±c to denote the spinor bundles that correspond to those
denoted by same symbols in the general Spinc0(3, 1) case. Using the Hermitian form (−,−)0 present
on S0 together with the Hermitian form H 1
2
on R, we define the Hermitian form (−,−) = (−,−)0⊗
Hϕ1
2
on S. In addition, we define an extension of c0 : S
±
0 → S
∓
0 to the supergravity spinor bundles
S± and S±c as follows:
c : S± → S∓c , ξ0 ⊗ l
ϕ 7→ c0(ξ0)⊗H
ϕ
1
2
(−, lϕ) ,
acting on homogeneous sections of S± = S±0 ⊗R
ϕ. With these definitions, we reproduce the action
of c as defined in the Spinc0(3, 1) case, with the advantage that we can now isolate how it acts on
each of the factors appearing in the definition of S+ and S−. The Killing spinor equations are now
given formally by the same expression as in the general Spinc0(3, 1) case, that is:
∇ϕǫ = CΨW,ϕ(ǫ) , (dϕ
0,1)♭ · ǫ = CΨ,DW,ϕ(ǫ) .
Note that in this situation the connection ∇ϕ is an honest tensor product connection on the complex
spinor bundle S0 tensorized with a complex a line bundle.
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Example 3.30. Let (M, g) be a four-dimensional Lorentzian spin four manifold and let us take M
to be the complex projective line P1. We have that TP1 ≃ O(2) is positive with respect to the
Hermitian structure induced by the standard Fubini-Study metric H and thus (TP1,H) satisfies the
positivity notion given in Definition 3.10. Therefore, its dual bundle, that is, the canonical bundle
KP1 is negative and furthermore has Chern number (−2), whence it admits a (unique) holomorphic
square rootK
1/2
P1
. A series of chiral triples parametrized by a natural number n ∈ N∗ is then given by
((K
1/2
P1
)n,Hn1
2
,W = 0). We are forced to take W to be the zero-section since a negative line bundle
over a closed complex manifold is well-known to not admit any non-zero holomorphic sections. In
this situation, it is sometimes physically admissible to generalize the notion of superpotential and
allow for meromorphic sections.
Example 3.31. Let (M, g) be a four-dimensional Lorentzian spin four manifold and let Ml be a
hyperbolic Riemann surface of genus ℓ. We have deg(T 1,0Ml) = 2− 2ℓ < 0, and thus T 1,0Ml is a
negative holomorphic line bundle with respect to any Hermitian metric H 1
2
of constant curvature
(−1). A family of chiral triples parametrized by a natural number n ∈ N∗ is then given by (R =
(TMℓ)n,Hn1
2
,W), where W is any holomorphic section of (TMℓ)2n.
We are now in disposition to show that every (possibly non-compact) complex manifoldM admitting
integral Kähler forms can be endowed with a chiral triple and thus can be considered as the target
space of chiral N = 1 supergravity on a spin manifold M . Let (M, ω) be a Kähler-Hodge manifold,
which we define as a complex manifold equipped with an integral Kähler form. Then, using a
classical theorem by Weil [57], there exists a complex Hermitian line bundle (L,H, D) equipped
with a unitary connection D such that:
ω = −
i
2π
Θ(D) ,
where Θ(D) denotes the curvature of D. Since ω is of type (1, 1) the previous equation implies
Θ(D)0,2 = 0 whence D0,1 defines a holomorphic structure on L. Denote by L the corresponding
holomorphic line bundle. Then D is the Chern connection of (L,H), which becomes a negative
Hermitian holomorphic line bundle, as required in order to define a chiral triple on (M,M). Hence,
if (M, g) is spin, M can be considered as the target space of the non-linear sigma model of chiral
N = 1 supergravity.
Remark 3.32. The argument given above may not work if (M, g) is not spin. If (M, g) is not spin,
we have to prove that there exists at least one integral Kähler two-form on M whose associated
negative Hermitian holomorphic line bundle (L,H) is isomorphic via pull-back by some map ϕ to
the determinant line bundle of some Spinc0(3, 1) structure Q on (M, g). This may not be possible,
as the following example shows.
Example 3.33. Take (M, g) to be a non-spin Lorentzian manifold admitting Spinc0(3, 1) structures
(for instance, P2 minus a point p), and let M be any non-compact Riemann surface. Recall that
every holomorphic line bundle L over M is holomorphically trivial by [31, Theorem 30.3] and, on
the other hand, by [31, Corollary 26.8] every such M is Stein and thus admits global subharmonic
functions. Hence, every holomorphic line bundle L overM admits a Hermitian metric H of negative
Chern-curvature. We conclude that the pull-back of any holomorphic line bundle L, in particular
any negative line bundle (L,H), is topologically trivial. Since (M, g) is not spin, the trivial line
bundle can never be isomorphic to the determinant line bundle of a Spinc0(3, 1) structure on (M, g).
Hence, even though M admits negative line bundles, the pair (M,M) with M as above does not
admit any chiral triple. In particular, this means that the scalar manifold of a supergravity theory
on a non-spin Lorentzian manifold cannot be an open Riemann surface.
3.5. Trivial scalar manifold. As an example of the general formulation introduced in the previous
sections, we consider now the simplest case of chiral supergravity, which goes under the name of
pure (AdS) N = 1 supergravity in the physics literature. Despite being the simplest case of chiral
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N = 1 supergravity, the associated Killing spinor equations pose an interesting problem involving
generalized Killing spinors [28, 29] of a particular type, which we describe in this section. Pure
(AdS) N = 1 supergravity is defined as the unique N = 1 supergravity not coupled to any matter
content, whence exclusively containing the gravitational supermultiplet. Accordingly, we take the
scalar manifold M = {p} to be a point. Let Q = (LH, Q,W) be a chiral triple over (M, {p}). The
fact thatM is a point implies that LH is holomorphically trivial and can be identified with the one-
dimensional Hermitian complex vector space (C, H), where H denotes the standard Hermitian form
on C. Furthermore, the superpotential W becomes a complex number which we denote by w. In
addition, the scalar map ϕ is necessarily constant and the pull-back of LH is the trivial Hermitian
line bundle over M , which we denote again by (C, H). Since, by definition of chiral triple, we
must have PQ ≃ P
ϕ
H, we conclude that LQ is trivial and D
ϕ is the trivial connection, which in
turn implies that the determinant bundles of S+ and S− are trivial, compare Proposition 3.5. In
particular, w2(LQ) = 0 whence w2(M) = 0, and the Spin
c
0(3, 1) structure Q reduces to a Spin0(3, 1)
structure Q0. Hence, we consider that S = S
+ ⊕ S− is the complex spinor bundle associated to Q0
in the usual manner. With these provisos in mind, the scalar potential Φ = −k|w|2 becomes a non-
positive constant and hence the lagrangian of the theory reduces to the Hilbert-Einstein Lagrangian
coupled to a non-positive cosmological constant, that is:
Lag[g] = Rg + k|w|
2 ,
where w ∈ C is denotes the superpotential and k is a positive real constant. The equations of motion
associated to the previous functional read:
Ric(g) = −
k
2
|w|2g ,
which are the standard Einstein equations coupled to a non-positive cosmological constant. The
Killing spinor equations in turn reduce to:
(9) ∇gvǫ = w v · c(ǫ) , ∀v ∈ X(M) ,
where ∇g denotes the lift of the Levi-Civita connection to the spinor bundle. Therefore, the set
SolS(M) of supersymmetric solutions on M consists of pairs (g, ǫ), with g a Lorentzian metric and
ǫ a chiral spinor, such that:
SolS(M) =
{
(g, ǫ) | Ric(g) = −
k
2
|w|2 g , ∇gvǫ = w v · c(ǫ) , ∀v ∈ X(M)
}
It is important to point out that Equation (9) does not correspond to a standard Killing spinor
equation [7, 9, 10, 13] (for neither a real nor an imaginary Killing spinor) even if w is real. This
is due to the complex-conjugate bundle map c appearing in (9). In order to see this explicitly, we
define:
ǫ1
def.
= ǫ ∈ Γ(S−) , ǫ2
def.
= c(ǫ) ∈ Γ(S+) .
From (9) we deduce that the spinors ǫ1 and ǫ2 satisfy:
(10) ∇gvǫ1 = w v · ǫ2 , ∇
g
vǫ2 = w¯ v · ǫ1 .
Crucially, the second equation above involves the complex conjugate w¯ of w instead of w. This
in turn implies that |w|2, instead of w2, appears in the Einstein constant of the corresponding
integrability condition, which allows for w to be any complex number instead of only real or purely
imaginary, as it happens in the standard theory of Killing spinors [7, 9, 10, 13].
Defining now the following complex endomorphism of S:
Tw : Ω
0(S)→ Ω1(S) , Tw(ǫ1 ⊕ ǫ2)(v) = v · (w ǫ2 ⊕ w¯ ǫ1) ,
we can rewrite the Killing spinor equations (10) as a particular case of a generalized Killing spinor
equation:
(11) ∇gη = Tw(η) ,
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where η = ǫ1 ⊕ ǫ2 ∈ Γ(S). Solutions to the Killing spinor equation (11) which satisfy ǫ1 = c(ǫ2) are
admissible supersymmetric solutions of N = 1 supergravity with trivial scalar manifold. The study
and classification of such solutions will be considered in a separate publication.
Remark 3.34. Note that equation (9) is required by supersymmetry, which motivates (10) as natural
Killing spinor equations to study on a four-dimensional Lorentzian manifold.
3.6. Vanishing superpotential. Another particularly important special case of chiral supergrav-
ity is given by taking the superpotential W ∈ H0(M,L) to be the zero section of the holomorphic
line bundle L. When W is taken to be the zero section, the action functional of the theory reduces
to:
Lag[g, ϕ] = Rg − |dϕ|
2
G,g , (g, ϕ) ∈ ConfQ(M) ,
and therefore the theory reduces to Einstein gravity coupled to a non-linear sigma model with target
space given by the complex manifold M. The Killing spinor equations reduce in turn to:
∇ϕǫ = 0 , dϕ0,1 · ǫ = 0 ,
Remark 3.35. Note that taking W = 0 the complex-conjugate map c disappears from the Killing
spinor equations and no longer plays a role in the formulation of the theory. This is the main source
of simplification in this particular case, as the role played by c in the formulation of the general
theory is one of the genuine aspects brought by chiral local supersymmetry in four Lorentzian
dimensions.
When W = 0 Lorentzian manifolds (M, g) equipped with a solution (g, ϕ, ǫ) to the equations above
are particular instances of Lorentzian Spinc(3, 1) manifolds admitting parallel spinors. Simply con-
nected and complete Lorentzian manifolds of this type have been studied and classified in the
literature, see Reference [50] for the Riemannian case and Reference [39] for the pseudo-Riemannian
case. We do not expect every Spinc(3, 1) manifold admitting a parallel spinor to admit a solution
to the Killing spinor equations and, on the other hand, assuming completeness of (M, g) rules out
many physically interesting Lorentzian four-manifolds. Adapting the main Theorem of [39] to our
situation we obtain the following result.
Proposition 3.36. Let M be a geodesically complete and simply-conneted Lorentzian four-manifold
admitting a supersymmetric solution (g, ϕ, ǫ) to N = 1 chiral supergravity with vanishing superpo-
tential. Then we can have at most the following possibilities:
(1) (M, g) is isometric to four-dimensional flat Minkowski space.
(2) (M, g) is isometric to (M, g) ≃ (R2 × X, η1,1 × h), where η1,1 is the flat two-dimensional
Minkowski metric and X is a Riemann surface equipped with a Kähler metric h.
(3) The holonomy group H of (M, g) is a subgroup of the parabolic subgroup SO(2) ⋉ R2 ⊂
SO0(3, 1).
.
Remark 3.37. Every geodesically complete and simply connected supersymmetric solution must
be of the form described by the previous proposition. However, the converse may not be true,
since a supersymmetric solution requires (M, g) to admit a parallel spinor with respect to the
specific connection ∇ϕ, which is coupled to the scalar map ϕ, which is in turn required to satisfy
its corresponding Killing spinor equation. It is indeed an interesting open problem to classify
which of the Lorentzian four-manifolds specified above can carry supersymmetric solutions of chiral
supergravity. We will consider this problem in detail in Section 4 for the specific case (2) above,
namely for the case in which M = R2 ×X . Case (1) admits the obvious solution given by taking ϕ
as a constant map.
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4. Reduction to a Riemann surface
In this section we consider the reduction of N = 1 chiral supergravity to an oriented two-manifold
X by assuming that the space-time manifold M is of the form:
M = R2 ×X ,
and it is equipped with the product metric g4 = δ1,1 × g, where δ1,1 denotes the flat Minkowski
metric on R2. The reduction is natural in the sense that the type of spinorial structures and Clifford
modules coincide in dimension (3, 1) and (2, 0) by Clifford periodicity, since:
(3− 1) = (2− 0) = 2 mod 8 ,
which corresponds to the real case of simple type in the standard classification of real Clifford
algebras and their modules. Hence, all the structures introduced in the formulation of chiral N = 1
supergravity on a Lorentzian four-manifold M exist also on X , and we can consider directly the
formulation of the theory on X . This would be equivalent to perform a reduction trivially along the
R
2 factor inM . We leave the details to the reader and proceed instead by directly formulating chiral
supergravity on X . Using the fixed orientation on X , every Riemannian metric g on X defines a
canonical complex structure Jg given by point-wise counter-clockwise rotation. We define Qg to be
the anti-canonical Spinc(2) structure associated to g, which means that the determinant line bundle
of Qg is the canonical bundle of (X, g), compare [27] for the terminology. See Remarks 4.11 and
4.15 for the reasons behind this choice of Spinc(2) structure. For each Riemannian metric g, we
define S to be the complex spinor bundle canonically associated to Qg. The spinor bundle S admits
an explicit model given by:
S = Λ∗,0(X) ,
where the splitting is performed with respect to the complex structure Jg. Clifford multiplication
is given by:
(12) β · α = 2β1,0 ∧ α+ ι(β♯)1,0α ,
for all α ∈ Ω∗,0(X) and all β ∈ Ω1(X). Here we have set:
β1,0 =
1
2
(β − iJgβ) , (β
♯)1,0 =
1
2
(
β♯ − iJβ♯
)
with the musical isomorphism ♯ taken with respect to the metric g. The determinant line bundle
associated to the anti-canonical Spinc(2) structure Qg is given by the canonical bundle Kg of (X, g):
LQg = Kg = Λ
1,0(X) ,
The complex spinor bundle S is thus a complex vector bundle of rank two, which splits in the usual
way:
S = S+ ⊕ S− ,
in terms of the chiral bundles S+ and S−, of complex rank one. In the presentation S = Λ∗,0(X)
of the spinor bundle, the chiral spinor bundles S± respectively correspond with:
S+ ≃ Λeven,0(X) ≃ Λ0,0(X) , S− ≃ Λodd,0(X) ≃ Λ1,0(X) ,
whereas the chiral spinor bundles S±c correspond with:
S+c ≃ Λ
0,1(X) , S−c ≃ Λ
0,0(X) .
As required, we have:
S+ ≃ S+c ⊗Kg , S
− ≃ S−c ⊗Kg .
Remark 4.1. In the standard terminology used in the literature, S corresponds to the complex spinor
bundle associated to the anti-canonical Spinc(2) structure of (X, g), whereas Sc corresponds to the
complex spinor bundle associated to the canonical Spinc(2) structure of (X, g), see for example [27]
for more details.
22 VICENTE CORTÉS, C. I. LAZAROIU, AND C. S. SHAHBAZI
Remark 4.2. Recall that we have a canonical isomorphism of real vector bundles:
Kg = Λ
1,0(X) ≃ T ∗X ,
where T ∗X denotes the real cotangent bundle of X . Hence, the isomorphism type of Kg as a real
vector bundle does not depend on g. Not only this, the isomorphism type of Kg as a C
∞ complex
line bundle does not depend on g either. To see this, note that if X is compact the Chern number
of Kg is minus the Euler characteristic of X whereas if X is open every holomorphic line bundle
over (X, g), in particular Kg, is holomorphically trivial.
In the set-up introduced above, the notion of chiral triple, see Definition 3.11, simplifies. This is due
to the fact that, by assumption, we have established a canonical choice of complex structure and
Spinc(2) structure for every Riemannian metric g on X , whose associated characteristic line bundle
is Kg. More precisely, since the isomorphism class of Kg as a complex line bundle does not depend
on g and furthermore the definition of chiral triple only requires LϕH to be C
∞ isomorphic to Kg, we
can define the isomorphism of complex line bundles Ψ between Lϕ and the determinant line bundle
Kg of the given Spin
c(2) structure independently of the metric g. Consequently, we arrive to the
following simplification of a chiral triple, which we proceed to define.
Definition 4.3. A chiral triple (L,H,W) at (X,M) consists of a negative Hermitian holomorphic
line bundle (L,H) and a holomorphic section W ∈ H0(M,L) such that there exists a map ϕ : X →
M and a metric g on X for which:
Kg ≃ L
ϕ ,
as complex line bundles.
We fix a chiral triple Q = (L,H,W) on (X,M) and consider the associated chiral supergravity on
X . The fact that LQ = Kg implies, directly from the definition of chiral triple, that the pull-back
of the holomorphic line bundle L by a scalar map must be C∞-isomorphic to LQ:
LQ = Kg ≃ L
ϕ ,
For every choice of isomorphism Ψ: Kg → Lϕ, we endow Kg with the pull-back connection Ψ∗Dϕ
with respect to Ψ, where D denotes the Chern connection on LH and Dϕ its pull-back by ϕ. For
ease of notation, we will sometimes denote Ψ∗Dϕ simply by Dϕ. Recall that the definition of chiral
triple also establishes the existence of a C∞ isomorphism:
PQ ≃ P
ϕ
H ,
Indeed, every choice of isomorphism Ψ: Kg → Lϕ induces a canonical isomorphism between PQ
and PϕH, which we denote for simplicity by the same symbol, namely Ψ: PQ → P
ϕ
H. For the type
of complex spinor S we are considering, which is associated to the anti-canonical Spinc(2) structure
of (X, g), PQ corresponds with the principal bundle of unitary coframes defined by g
∗ (the dual of
g) on T ∗X . On the other hand, the principal U(1) bundle PϕH corresponds to the U(1) reduction
induced on LQ by the metric Ψ
∗Hϕ. The isomorphism of principal U(1) bundles Ψ: PQ → P
ϕ
H gives
an isomorphism between these two reductions.
Using Ψ we equip PQ with the pull-back connection Ψ
∗Aϕ, where Aϕ denotes the pull-back by
ϕ of the U(1) connection A associated to the Chern connection D. Again, for ease of notation, we
will sometimes denote Ψ∗Aϕ simply by Aϕ. Lifting the Levi-Civita connection ∇g associated to g
and Aϕ to the spinor bundle S we obtain a connection on S which we denote by ∇ϕ. Furthermore,
using the isomorphism Ψ: Kg → Lϕ, the pull-backed superpotential Wϕ can be identified with a
complex one-form on X of (1, 0) type. This complex one-form is in principle not holomorphic since
ϕ is only assumed to be a C∞-map. The formulas defining the action functional and Killing spinor
equations of the theory are formally the same as in (3, 1) dimensions, namely:
Lag[g, ϕ] = Rg − |dϕ|
2
G,g − Φ
ϕ
k , (g, ϕ) ∈ ConfQ(X) ,
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(13) ∇ϕǫ = CΨW,ϕ(ǫ) , (dϕ
0,1)♭ · ǫ = CΨ,DW,ϕ(ǫ) ,
for tuples (g, ϕ, ǫ,Ψ) ∈ ConfQ,E . We remind the reader that the vector bundle maps C
Ψ
W,ϕ : S
+ →
T ∗X ⊗ S− and CΨ,DW,ϕ : S
+ → Λ1,0T ∗Mϕ ⊗ S+ are defined as follows:
CΨW,ϕ(ǫ)(v)
def.
= v · TΨ((W
ϕ ⊗ c(ǫ))) , ∀ v ∈ X(X) , CΨ,DW,ϕ(ǫ) = TΨ((DW)
ϕ ⊗ c(ǫ)) ,
for ǫ ∈ Γ(S+). Here TΨ : Lϕ⊗S±c → S
± denotes the canonical isomorphism constructed in Proposi-
tion 3.19. For the reasons behind the choice of positive chirality for the supersymmetry generator ǫ
we refer the reader to Remark 4.15. The first Killing spinor equation in (13) can be written simply
as:
D ǫ = 0 .
in terms of the following real-linear connection D on the real rank-two vector bundle S:
D
def.
= ∇ϕ − CΨW,ϕ : S → S ,
Hence, if ǫ is non-zero at some point (which we will assume in the following) it will be non-zero
everywhere. Note however that given such ǫ, the section iǫ ∈ Γ(S) may be non-parallel even if ǫ
is. Using the fact that X is a Riemann surface, the Einstein equations (6) of the theory drastically
simplify and can be written as follows:
ϕ∗G =
|dϕ|2g,G
2
g , Φϕ = 0 ,
where we have used that G(g) is identically zero and Trg(ϕ
∗G) = |dϕ|2G,g. Vanishing of the potential
Φϕ is equivalent to:
|DW|2H,G ◦ ϕ = c |W|
2
H ◦ ϕ .
Condition Φϕk = 0 does not imply in general neither Φk = 0 nor dΦk = 0 identically on M. Hence,
the equation of motion for ϕ does not reduce in general to the standard harmonicity condition and
instead we have:
(Trg∇dϕ)
♭ =
1
2
dΦk ◦ ϕ .
for ϕ : X →M. Therefore, maps ϕ : X →M satisfying the equations of chiral N = 1 supergravity
on X are particular instances of harmonic maps with potential [22, 47]. Because of this, we will
call solutions ϕ to the previous equation harmonic maps with potentail Φk (rather than
1
2Φk as in
Reference [22]). We obtain:
Corollary 4.4. Let Q be a chiral triple and let (X,M) be an oriented two-manifold. A pair (g, ϕ)
satisfies the equations of chiral supergravity associated to Q on X if and only if:
(14) ϕ∗G =
|dϕ|2G,g
2
g , |DW|2H,G ◦ ϕ = c |W|
2
H ◦ ϕ , (Trg∇dϕ)
♭ =
1
2
dΦk ◦ ϕ .
In particular, if dΦk ◦ ϕ = 0 then ϕ : X →M is a harmonic map.
Remark 4.5. Recall that condition Φϕk = 0 implies:
ϕ(X) ⊂ Φ−1k (0) ⊂M ,
In principle, the zero level set of Φk may not be a smooth (2n− 1)-dimensional submanifold of M,
since it is not guaranteed that 0 be a regular value of Φk. However, regularity of the critical points
of Φk is indeed of physical relevance in relation for example with the stabilization of moduli in string
theory compactifications.
The following proposition settles the classification of solutions to chiral supergravity on X in the
simple case in which ϕ is the constant scalar map.
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Proposition 4.6. Let k > 0 and X connected. A pair (g, ϕ) with dϕ = 0 is a solution to Equations
(14) if and only if Φk(q) = 0 and dΦk|q = 0, where q is the constant value of ϕ. In particular, a
N = 1 chiral supergravity with chiral triple Q admits solutions with constant scalar map if and only
if 0 ∈ R is a critical value of the scalar potential Φk : M→ R.
Proof. Condition dϕ = 0 implies that the first equation (14) is automatically solved for any metric
g on X . The second equation in (14) is equivalent with Φ|q = 0, whereas the third equation in (14)
is equivalent with dΦ|q = 0. 
The previous corollary recovers the well-known fact that gravity in two dimensions is topological,
which translates into the fact that in dimension two every metric satisfies the vacuum Einstein
equations. In the following we will use the symbol |dϕ|2g,G > 0 to denote that |dϕ|
2
g,G is nowhere
vanishing.
Lemma 4.7. Let |dϕ|2g,G > 0. If (g, ϕ) is a solution to the first equation in (14) then ϕ : (X, g)→
(M,G) is a conformal immersion.
Proof. Since by assumption |dϕ|2g,G 6= 0 everywhere, the first equation in (14) implies that ϕ
∗G is
conformal to g and therefore ϕ is a conformal immersion. 
Proposition 4.8. Let Q be a chiral triple with vanishing superpotential W. A pair (g, ϕ) with
|dϕ|2g,G > 0 is a solution to the associated chiral supergravity if and only if ϕ is a minimal immersion
of X into M.
Proof. If W is the zero section then Φk is identically zero and thus (gradGΦk)
ϕ = 0, implying that
the scalar equation for ϕ reduces to the harmonicity condition:
Trg∇dϕ = 0 .
Hence, using Lemma 4.7, it follows that ϕ : X →M is a harmonic conformal immersion, which for
a two-dimensional source is equivalent with ϕ being a minimal immersion [20, 21]. 
For every solution (g, ϕ) that does not satisfy condition |dϕ|2G,g > 0 there exists a non-empty closed
subset C ⊂ X of X at which |dϕ|2G,g |C = 0. Since g is by assumption a non-degenerate Riemannian
metric, the Einstein equation implies that the real rank of dϕ is zero over C and two over X\C. The
critical set of ϕ coincides with C and does not contain points at which the rank of ϕ is one. When
restricted to C, the Einstein equation of chiral supergravity is automatically satisfied independently
of the restriction of g to C:
ϕ∗G|C = 0 , |dϕ|
2
G,g |C = 0 ,
Fixing ϕ, the Einstein equation becomes a quadratic algebraic equation ϕ∗G =
|dϕ|2g,G
2 g for g and
can in principle be use to determine g on X\C. However, over C the Einstein is automatically
satisfied and provides no information on the behavior of g over C, which is thus not determined
over C. More explicitly, let us fix real coordinates {xa}, a = 1, 2, and
{
φA
}
, A = 1, . . . , 2n around
p ∈ X and ϕ(p), respectively. We define:
Lab(p)
def.
= ∂aϕ
A(p) ∂bϕ
B(p)GAB(p) ,
where ϕA, GA are the local expressions of the components of ϕ and G in the given coordinates {xa}
and
{
φA
}
. Note that {Lab(p)} is a matrix of real numbers. After a quick manipulation, the Einstein
equation evaluated at p can be written as follows:
Lab(p) det(g(p)) =
gab(p)
2
(g22(p)L11(p) + g11(p)L22(p)− 2g12(p)L12(p)) ,
which is a non-trivial system of quadratic equations for the components of gab if p ∈ X\C.
Let ϕ : X →M be a smooth map with critical set C. Let go be a smooth metric on X\C such
that equations (14) are satisfied on the interior of X\C. A natural question is: can go be extended
to a smooth metric g on X such that (g, ϕ) is a solution of equations (14) on the whole X? The
N = 1 GEOMETRIC SUPERGRAVITY AND CHIRAL TRIPLES ON RIEMANN SURFACES 25
answer to this question highly depends on the properties enjoyed by C. IfW is not the zero section,
we have little control over C, which in principle could even have interior points. Nonetheless, in
Section 4.1 we will see that for supersymmetric solutions there always exists a smooth extension to
X canonically induced by the chiral triple of the theory.
Remark 4.9. As previously mentioned, a smooth map ϕ : X → M from a Riemann surface into a
Riemannian manifold is a harmonic conformal immersion if and only if it is a minimal immersion.
The latter is defined as a critical point of the area functional among compactly supported variations.
In particular, it is well-known that every holomorphic immersion of a Riemann surface into Kähler
manifold is a minimal immersion. Minimal immersions and holomorphic maps have been extensively
studied in the literature, and many results on existence and non-existence of such maps are by now
available, see for example [20, 21] and references therein.
For chiral supergravities of possibly non-vanishing superpotential Wϕ 6= 0 we obtain the following
corollary, which characterizes the space of solutions of chiral N = 1 supergravity on X satisfying
|dϕ|2G,g > 0 as maps ϕ : X →M.
Corollary 4.10. There is a canonical bijection between the set of solutions of chiral N = 1 su-
pergravity on X such that |dϕ|2g,G > 0 and the set of non-constant conformal harmonic immersions
ϕ : (X, g)→ (M,G) with potential Φk vanishing along ϕ.
IfW is the zero section, the Φk = 0 onM, and hence given a chiral tripleQ on (X,M)with vanishing
superpotential, solutions to chiral supergravity with |dϕ|2G,g > 0 correspond to minimal immersions
ϕ : (X, g) → (M,G). A systematic study of Riemann surfaces admitting supersymmetric solutions
to chiral N = 1 supergravity with possibly non-vanishing superpotential is beyond the scope of
this manuscript and will be considered elsewhere. In Section 4.1 we will consider the classification
problem of supersymmetric solutions with vanishing superpotential.
Remark 4.11. The formulation introduced in this Section of chiral N = 1 supergravity on X fixes
the Spinc(2) structure of the theory to be, given a Riemannian metric g on X , the anti-canonical
one on (X, g), and takes S to be the associated complex spinor bundle through the tautological
representation of Spinc(2). It is in principle possible to use a different (inequivalent) complex spinor
bundle to construct the theory. If we change the complex spinor bundle, we should expect to obtain
a non-equivalent chiral N = 1 supergravity on X , see for example [23]. However, if we assume the
existence of a non-vanishing chiral complex spinor ǫ ∈ Γ(S), then the allowed choices of complex
spinor bundle S are restricted and we can construct a canonical isomorphism of complex spinor
bundles between S and either Λ0,∗(X) or Λ∗,0(X) (note that every chiral spinor in two-dimensions
is automatically pure). Using the map
Λ∗,∗(X)→ S , α 7→ α · ǫ ,
it can be seen that if there exists an everywhere non-zero spinor ǫ of positive chirality then we have
an isomorphism of complex spinor bundles:
S ≃ Λ∗,0(X) ,
with Clifford multiplication given by (12). On the other hand, if the complex spinor ǫ is of negative
chirality, we obtain the isomorphism:
S ≃ Λ0,∗(X) ,
with Clifford multiplication given by:
β · α = 2β0,1 ∧ α+ ι(β♯)0,1α ,
for all α ∈ Ω∗,0(X) and all β ∈ Ω1(X). The determinant line bundle is in this case the anti-
canonical line bundle K∗g of (X, g) and the resulting complex spinor bundle corresponds to the
canonical Spinc(2) structure on (X, g). Hence, if X admits supersymmetric solutions (a condition
that implies the existence of a non-vanishing ǫ ∈ Γ(S±)), there is no loss of generality in assuming
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that the complex spinor bundle S is associated to either the canonical Spinc(2) structure on (X, g) if
ǫ has negative-chirality or the anti-canonical Spinc(2) structure on (X, g) if ǫ has positive-chirality.
4.1. Supersymmetric solutions with vanishing superpotential. We consider the Killing spinor
equations on X with vanishing superpotential. The local structure of the supersymmetric solutions
of chiral N = 1 supergravity has been considered in References [32, 51], where the generic local form
of the supersymmetric solutions of the theory in four dimensions has been partially characterized in
terms of a minimal set of partial differential equations. The goal of this sub-section is to obtain a
global classification result in the special case in which the superpotentialW is zero. In the course of
the proof of Theorem 4.12 we will see that every supersymmetric configuration is actually a solution
and therefore it is not necessary to consider the equations of motion explicitly in order to classify
supersymmetric solutions. Let Q be a chiral triple on (X,M) such that W = 0. The Killing spinor
equations of chiral supergravity associated to (M,Q) on X reduce to:
(15) ∇ϕǫ = 0 , dϕ0,1 · ǫ = 0 ,
for ǫ ∈ Γ(S+).
Theorem 4.12. Let Q be a chiral triple on (X,M) such that W = 0. A triple (g, ϕ,Ψ) with non-
constant ϕ is a supersymmetric solution of the chiral supergravity associated to (M,Q) if and only
if the following conditions hold:
(1) The smooth map ϕ : (X, g)→ (M,G) is a holomorphic map with respect to Jg and the fixed
complex structure I on M.
(2) Ψ: Kg
≃
−→ Lϕ is an isomorphism of holomorphic line bundles such that:
g∗c = κΨ
∗Hϕ ,
for a constant κ ∈ R>0, where g∗c denotes the Hermitian metric induced by g on Λ
1,0(X).
These conditions imply that:
Rg = |dϕ|
2
G,g ,
and that the Kähler metric G, the Riemannian metric g and the map ϕ satisfy:
ϕ∗G =
|dϕ|2G,g
2
g =
Rg
2
g ,
Hence, ϕ is a conformal immersion of X\C into M, where C ⊂ X denotes the critical set of ϕ.
Furthermore, if (X, g) is compact, then it is biholomorphic with the Riemann sphere P1.
Proof. Let (g, ϕ,Ψ) be a supersymmetric solution on X with non-constant ϕ. The Riemannian
metric g induces a complex structure Jg upon use of the fixed orientation of X . Assuming that ǫ
is non-zero at a point, the first Killing spinor equation implies that ǫ is everywhere non-vanishing.
Therefore, we obtain an isomorphism of complex spinor bundles S ≃ Λ0,0(X)⊕Λ1,0(X) which maps
ǫ to 1 ∈ Λ0,0(X). Hence, the second Killing spinor equation is equivalent with:
∂ϕ0,1 = 0 .
implying that a map ϕ : X →M satisfying the Killing spinor equations is necessarily holomorphic,
a condition that immediately implies harmonicity of ϕ. Using that ϕ is holomorphic it follows that
(Lϕ,Hϕ) is a holomorphic line bundle over (X, Jg) and in addition Dϕ coincides with the Chern
connection on (Lϕ,Hϕ). Let {U,w}, U ⊂ X open, be a local holomorphic coordinate on X and let{
V, zi
}
, V ⊂ M open, i = 1, . . . , n, be local complex coordinates on M such that ϕ(U) ⊂ V . We
write g as follows:
g = eFdw ⊙ dw¯ ,
for a smooth function F ∈ C∞(V ). Using that ǫ = 1, the first Killing spinor equation in (15) can
be locally written as:
iAg∗ = Ψ∗Aϕ ,
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where iAg∗ denotes the Chern connection of the Hermitian metric g∗(·, ·¯) on Kg and Aϕ denotes the
connection one-form associated to the Chern connection Dϕ. By type decomposition, the previous
equation locally reads:
(16) ∂wz
i∂ziK(z(w), z¯(w¯))dw = −∂wF (w, w¯)dw ,
where we are using a local holomorphic trivialization l of L in whichH(l, l) = eK. Since this equation
must hold on any pair of complex coordinate charts {U,w} and
{
V, zi
}
as above, we conclude that:
(17) ∇Cg∗ = Ψ
∗Dϕ ,
globally on X , where ∇Cg∗ denotes the Chern connection on Kg. Therefore, the Chern connection
on (Lϕ,Hϕ) is mapped, through the C∞ diffeomorphism Ψ, to the Chern connection ∇Cg∗ on the
holomorphic cotangent bundle of X equipped with the Hermitian inner product induced by g∗.
Since Kg and Lϕ come equipped with the holomorphic structures induced respectively by ∇Cg∗ and
Dϕ, we conclude that Ψ: Kg
≃
−→ Lϕ is in fact an isomorphism of holomorphic line bundles. By
integrating (17), it can be seen that the fact that the Chern connections associated to g∗ and Ψ∗Hϕ
are equal is equivalent with:
g∗c = κΨ
∗Hϕ , κ ∈ R>0 ,
which in local coordinates implies F (w, w¯) = −K(z(w), z¯(w¯)) − log κ and gives the following local
expression for g:
g =
2
κ
e−K(z(w),z¯(w¯))dw ⊙ dw¯ .
Taking the derivative of Equation (16) with respect to w¯ we obtain:
∂w∂w¯F = −∂wz
i∂w¯ z¯
j∂zi∂z¯jK(z(w), z¯(w¯) ,
where we have used that ϕ is holomorphic. This equation directly implies, after suitable identifica-
tions, the following relation:
Rg
2
g = ϕ∗G ,
where we have used that the Riemannian scalar curvature Rg of g is locally explicitly given by
Rg = −∆gF in terms of the Laplacian ∆g on (X, g). Taking the trace of the previous equation, we
obtain:
Rg = |dϕ|
2
G,g ,
and thus the curvature of g is non-negative and prescribed by the norm of dϕ. If X is compact, this
implies that the Euler characteristic χ(X) of is strictly positive (recall that we are assuming that
ϕ is non-constant) and thus X must be biholomorphic with the Riemann sphere P1. In particular,
for any p ∈ X we have Rg|p = 0 if and only if |dϕ|
2
G,g |p = 0. Since, ϕ is holomorphic, C ⊂ X
is a discrete subset of X , whence finite if X is compact. Note that Rg|C = 0 and Rg|X\C > 0.
Combining the previous two equations we conclude:
|dϕ|2G,g
2
g = ϕ∗G ,
whence every supersymmetric configuration is in fact a supersymmetric solution. OnX\C the scalar
curvature Rg of g as well as |dϕ|
2
G,g are both nowhere vanishing. In particular:
g =
2
|dϕ|2G,g
ϕ∗G ,
whence ϕ is a holomorphic conformal immersion of X\C into M. Direct computation in local
coordinates on X\C shows (we take κ = 2 for simplicity):
2
|dϕ|2G,g
ϕ∗G =
2
4 eK∂wzi∂w¯ z¯j∂zi ∂z¯jK
2 ∂wz
i∂w¯z¯
j∂zi∂z¯j K dw ⊙ dw¯ = e
−Kdw ⊙ dw¯ ,
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as expected. For the converse, we just note that any pair (g, ϕ,Ψ) obeying conditions (1) and (2)
of the theorem satisfies the Killing spinor equations (15) for ǫ = 1. 
Remark 4.13. If ϕ is constant, then (15) implies that g is flat and Kg must be holomorphically
trivial. In particular, if X is compact then it is biholomorphic with an elliptic curve E.
Remark 4.14. When X is open, the requirement that Kg be negative does not pose any restriction
on X , see Example 3.33 for more details.
Remark 4.15. The supersymmetric structure of chiral N = 1 supergravity in four dimensions re-
quires the supersymmetry generator to be of negative chirality. When reduced to two dimensions,
negative chirality in four dimensions allows for either negative or positive chirality in two dimen-
sions, depending on the decomposition chosen for the supersymmetry spinor in four dimensions.
Here we have fixed the supersymmetry parameter ǫ in two dimensions to have positive chirality, see
Remark 4.11. However, we could have chosen ǫ to have negative chirality and (X, g) to be endowed
with the canonical Spinc(2) structure. In this case, it can be shown that the Killing spinor equations
require ϕ to be an anti-holomorphic map, and that a supersymmetric solution with ǫ of negative
chirality corresponds with a supersymmetric solution with ǫ of positive chirality after complex-
conjugating the complex structure Jg 7→ −Jg on X . We have chosen to work with anti-canonical
Spinc(2) structures and positive chirality supersymmetry generators in order to avoid working with
supersymmetric solutions having anti-holomorphic, instead of holomorphic, scalar maps ϕ.
When X admits supersymmetric solutions, the existence of a nowhere vanishing positive-chirality
spinor ǫ ∈ Γ(S+) determines S as the complex spinor bundle associated to the canonical Spinc(2)
structure on (X, g). Hence, we obtain the following Corollary.
Corollary 4.16. The spinor bundle S of a superymmetric solution is necessarily the complex spinor
bundle associated to either the canonical or anti-canonical Spinc(2) structure on (X, g) through the
tautological representation of Spinc(2).
This corollary gives a very explicit example of how the existence of supersymmetric solutions depends
on the choice of isomorphism class of the spinor bundle. Inspired by Theorem 4.12 we introduce the
notion of chiral map.
Definition 4.17. Let X be an oriented real two-manifold and let (M,L,H) be a complex manifold
equipped with a negative Hermitian holomorphic line bundle (L,H). We say that a pair (ϕ,Ψ) is a
chiral map with respect to (M,L,H) if there exists a complex structure J = Jϕ on X such that:
ϕ : (X, J)→ (M, I) ,
is holomorphic and:
Ψ: K
≃
−→ Lϕ ,
is an isomorphism of holomorphic line bundles, where K is the canonical bundle of (X, J).
Associated to every chiral map (ϕ,Ψ) we have a supersymmetric solution (g, ϕ,Ψ) where g∗ =
κΨ∗Hϕ and, vice-versa, every supersymmetric solution of chiral supergravity on X gives rise to a
chiral map. Aside from the role they play in chiral supergravity, chiral maps are interesting because
they are particular instances of holomorphic maps of Riemann surfaces into Kähler manifolds and
provide solutions to the coupled problem of prescribing the scalar curvature of a Riemann surface
to:
Rg = |dϕ|
2
g,G .
Remark 4.18. The problem of prescribing the Gaussian curvature of a compact Riemann surface has
been extensively studied in the literature, see for example [40] and references therein. Reference [41]
solves the problem in the case of X being a closed Riemann surface. In particular, it asserts that
the sphere S2 admits a metric g with curvature f ∈ C∞(X) if and only if the obvious Gauss-Bonnet
sign condition is satisfied. Since, as shown in Theorem 4.12, the curvature of a supersymmetric
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solution (g, ϕ,Ψ) is non-negative we conclude that supersymmetry imposes a non-trivial restriction
on the allowed metrics appearing in a supersymmetric solution on S2.
When M is also an oriented two-dimensional real manifold, Theorem 4.12 implies the following
corollary.
Corollary 4.19. Let M be connected and complex one-dimensional and let (ϕ,Ψ) be a chiral map
with respect to (M,L,H). If ϕ is proper then it is a holomorphic branched covering of Riemann
surfaces. If in addition X is compact, whence biholomorphic to the Riemann sphere P1, then M is
a compact Riemann surface whose Euler characteristic χ(M) satisfies:
χ(M) =
2 + k
d
,
where d denotes the degree of ϕ and k denotes its total ramification index. In particular, (2 + k) is
divisible by d.
Proof. By definition of chiral map, ϕ is holomorphic. Since by assumption M is connected and
ϕ is proper, ϕ must be surjective and thus it is a holomorphic branched covering, implying also
that if X is compact then M is also compact. Theorem 4.12 implies now that X = P1 and the
Riemann-Hurwitz formula implies the remaining statements. 
Let (g, ϕ,Ψ) be a supersymmetric solution. When X is non-compact the norm of ϕ may diverge
and g may not be complete. In order to guarantee that (X, g) is physically admissible we assume g
is complete. Furthermore we assume finite L2 energy:
‖dϕ‖2g,G <∞ ,
Under these conditions, we can obtain the following, perhaps surprising, classification result on the
possibly non-compact surfaces X admitting supersymmetric solutions with complete Riemannian
metric g and finite energy.
Theorem 4.20. Let X be an oriented real two-manifold carrying a supersymmetric solution (g, ϕ,Ψ)
(with respect to some chiral triple Q) such that g is complete and ϕ has positive finite energy. Then,
one of the following holds:
• (X, Jg) is biholomorphic to the complex projective line P1 and:
‖dϕ‖2g,G = 8π .
• (X, Jg) is biholomorphic to the complex plane C, and there exists a neighborhood U(∞) of
infinity with complex coordinate w which is isomorphic to the punctured unit disk equipped
with the metric:
g|U(∞) =
eF
|w|2
dw ⊗ dw¯ , F ∈ L1 , ∆F ∈ L1 ,
and furthermore:
‖dϕ‖2g,G = 4π .
• (X, Jg) is biholomorphic to the complex plane C, and there exists a neighborhood U(∞) of
infinity with complex coordinate w which is isomorphic to the punctured unit disk equipped
with the metric:
g|U(∞) =
eF
|w|4
dw ⊗ dw¯ , F ∈ L1 , ∆F ∈ L1 ,
and ϕ is constant.
30 VICENTE CORTÉS, C. I. LAZAROIU, AND C. S. SHAHBAZI
• (X, Jg) is biholomorphic to the punctured complex plane C∗, ϕ is constant and there exists
neighborhoods U(∞) of infinity with complex coordinate w∞ and U(0) of zero with complex
coordinate w0 which are isomorphic to the punctured unit disk equipped respectively equipped
with the metric:
g|U(∞) =
eF∞
|w∞|2
dw∞ ⊗ dw¯∞ , F∞ ∈ L
1 , ∆F∞ ∈ L
1 ,
g|U(0) =
eF0
|w0|2
dw0 ⊗ dw¯0 , F0 ∈ L
1 , ∆F0 ∈ L
1 ,
• (X, Jg) is biholomorphic to a complex elliptic curve and ϕ is constant.
Proof. Let (g, ϕ,Ψ) be such a supersymmetric solution. Finiteness of the energy of ϕ imply, upon
use of Theorem 4.12, that (X, g) has non-negative and finite total curvature. Applying now A.
Huber’s Theorem as stated in [38, Pages 1-2] we conclude. 
Remark 4.21. The idea behind the previous Theorem is simple, once we have the results of A.
Huber at our disposal: finiteness of the total curvature of (X, g) implies that X has a natural
compactification, that is, it is biholomorphic with a compact Riemann surface with a finite number
of points removed. The fact that the total curvature not only finite but non-negative further
restricts they type of Riemann surfaces (X, g), since removing more point decreases the total finite
curvature. Since the total finite curvature needs to remain non-negative, only the cases appearing
in the previous Theorem can happen.
The four-dimensional Lorentzian manifold (M4, g4) associated to the supersymmetric solutions con-
sidered in Theorem 4.12 is of the form:
(M4, g4) = (R
2 ×X, η1,1 × g) ,
where (X, g) is a Riemann surface with the Riemannian metric g being part of a supersymmet-
ric solution (g, ϕ,Ψ) on X . As we have said, if ϕ is non-constant and X is compact then it is
biholomorphic with P1 and in this case:
(M4, g4) = (R
2 × P1, η1,1 × g) .
Therefore, we recover the spherical near horizon geometry characterized in [33], see also [49]. Note
that g may not be the round metric on S2. If ϕ is constant, X is biholomorphic with an elliptic
curve and we recover the toroidal near horizon geometry characterized in [33].
4.2. Anti-supersymmetric solutions. As explained in Remark 4.15, had we chosen the canonical
Spinc(2) structure on (X, g) to formulate chiralN = 1 supergravity, we would have found that scalar
maps ϕ of supersymmetric solutions are anti-holomorphic and supersymmetric solutions in this case
are equivalent to those characterized in Theorem 4.12 with the complex structure Jg replaced by
−Jg. Nonetheless, we can propose a natural modification of the Killing spinor equations which still
yields solutions to chiral N = 1 supergravity with holomorphic scalar maps. These solutions are
however not supersymmetric. In this section we introduce and classify these solutions, which we
call anti-supersymmetric.
We assume X to be equipped with a fixed orientation. We define now Qg to be the canonical
Spinc(2) structure associated to g and the complex structure Jg. For each Riemannian metric g,
we define S to be the tautological complex spinor bundle associated to Qg. The spinor bundle S
admits an explicit model given by:
S = Λ0,∗(X) ,
where the splitting is performed with respect to the complex structure Jg. Clifford multiplication
is given by:
(18) β · α = 2β0,1 ∧ α+ ι(β♯)0,1α ,
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for all α ∈ Ω0,∗(X) and all β ∈ Ω1(X). The determinant line bundle associated to the canonical
Spinc(2) structure Qg is given by the complex-conjugate canonical bundle K
∗
g of (X, g):
LQg = K
∗
g = Λ
0,1(X) ,
which is complex-isomorphic to the anticanonical bundle T 1,0X of (X, g). The complex spinor
bundle S is thus a complex vector bundle of rank two, which splits in the usual way:
S = S+ ⊕ S− ,
in terms of the chiral bundles S+ and S−. In the polyform presentation S = Λ0,∗(X) of the spinor
bundle, the chiral spinor bundles S± respectively correspond with:
S+ ≃ Λ0,odd(X) ≃ Λ0,1(X) , S− ≃ Λ0,even(X) ≃ Λ0,0(X) ,
whereas the chiral spinor bundles S±c correspond with:
S+c ≃ Λ
0,0(X) , S−c ≃ Λ
1,0(X) .
As required, we have:
S+ ≃ S+c ⊗K
∗
g , S
− ≃ S−c ⊗K
∗
g .
The notion of chiral triple is modified accordingly.
Definition 4.22. A chiral triple (L,H,W) on (X,M) consists on a negative Hermitian holomorphic
line bundle (L,H) and a holomorphic section W ∈ H0(M,L) such that there exists a map ϕ : X →
M and a metric g on X for which:
K∗g ≃ L
ϕ ,
as complex line bundles.
We fix a chiral triple Q on (X,M) with vanishing superpotential. Instead of considering the Killing
spinor equations required by the supersymmetric structure of chiralN = 1 supergravity, we consider
the following equations:
(19) ∇ϕǫ = 0 , dϕ1,0 · ǫ = 0 ,
for ǫ ∈ Γ(S−). Note that the honest Killing spinor equations would require:
dϕ0,1 · ǫ = 0 ,
instead of the second equation appearing in (19).
Definition 4.23. We call triples (g, ϕ,Ψ) satisfying Equations (19) anti-supersymmetric solutions.
The key point is that anti-supersymmetric solutions are not supersymmetric solutions yet they are
honest solutions of chiral N = 1 supergravity. The proof of the following theorem is completely
analogous to the proof of Theorem 4.12.
Theorem 4.24. Let Q be a chiral triple on (X,M) such that W = 0. A triple (g, ϕ,Ψ) with
non-constant ϕ is an anti-supersymmetric solution of the chiral supergravity associated to (M,Q)
if and only if the following conditions hold:
(1) The smooth map ϕ : (X, g)→ (M,G) is a holomorphic map with respect to Jg and the fixed
complex structure I on M.
(2) Ψ: K∗g
≃
−→ Lϕ is an isomorphism of holomorphic line bundles such that:
gc = κΨ
∗Hϕ ,
for a constant κ ∈ R>0, where gc denotes the Hermitian metric induced by g on T 1,0X.
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These conditions imply that:
Rg = − |dϕ|
2
G,g ,
and that the Kähler metric G, the Riemannian metric g and the map ϕ satisfy:
ϕ∗G =
|dϕ|2G,g
2
g = −
Rg
2
g ,
Hence, ϕ is a conformal immersion of X\C into M, where C ⊂ X denotes the critical set of ϕ.
Furthermore, if (X, g) is compact, then it is hyperbolic.
We can adapt the notion of chiral map to accommodate anti-supersymmetric solutions.
Definition 4.25. Let X be an oriented real two-manifold and let (M,L,H) be a complex manifold
equipped with a negative Hermitian holomorphic line bundle (L,H). We say that a pair (ϕ,Ψ) is
a anti-chiral map with respect to (M,L,H) if there exists a complex structure J = Jϕ on X such
that:
ϕ : (X, J)→ (M, I) ,
is holomorphic and:
Ψ: K∗
≃
−→ Lϕ ,
is an isomorphism of holomorphic line bundles, where K∗ is the anti-canonical bundle of (X, J).
As it happened with chiral maps, aside from the role they play in chiral supergravity, anti-chiral maps
are interesting because they are particular instances of holomorphic maps of Riemann surfaces into
Kähler manifolds and provide solutions to the coupled problem of prescribing the scalar curvature
of a Riemann surface to:
Rg = − |dϕ|
2
G,g .
When M is also an oriented two-dimensional real manifold, Theorem 4.12 implies the following
corollary.
Corollary 4.26. Let M be connected and complex one-dimensional and let ϕ : X →M be a anti-
chiral map with respect to (L,H). If ϕ is proper then it is a d-fold holomorphic branched covering
of Riemann surfaces. If in addition X is compact then M is necessarily compact and we have:
deg(L) = χ(M)−
k
d
,
where k is the total branching number of ϕ. In particular:
|deg(L)| ≥ |χ(M)| ,
and if L ≃ T 1,0M then k = 0 and ϕ is a holomorphic unbrached covering of compact Riemann
surfaces.
Proof. By definition of anti-chiral map, ϕ is holomorphic. Since by assumptionM is connected and
ϕ is proper, ϕ must be surjective and thus it is a holomorphic branched covering, implying also that
if X is compact then M is also compact. Assume now that X (and thus also M) is compact. The
Riemann-Hurwitz formula implies:
χ(X) = dχ(M)− k ,
Using now that χ(X) = deg(T 1,0X) = deg(Lϕ) = d deg(L) we obtain the first formula of the
corollary. Now, the definition of chiral triple requires L to be negative and thus both deg(L) and
χ(X) are negative. Hence:
−deg(L) ≥ −χ(M) ,
and we conclude. 
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The four-dimensional Lorentzian manifold (M4, g4) associated to the anti-supersymmetric solutions
considered in Theorem 4.24 is of the form:
(M4, g4) = (R
2 ×X, η1,1 × g) ,
where (X, g) is a Riemann surface with the Riemannian metric g being part of a supersymmetric
solution (g, ϕ,Ψ). As mentioned in Theorem 4.24, if X is compact then it is biholomorphic with a
hyperbolic Riemann surface. Reasoning by analogy with the situation for supersymmetric solutions,
we wonder if solutions of this type, with X compact hyperbolic, can appear as non-supersymmetric
near horizon geometries of black hole solutions in four dimensions.
4.3. Examples of chiral and anti-chiral maps. In this section we construct several examples of
(anti) chiral maps and (anti) supersymmetric solutions.
Example 4.27. Take X = P1, M = P1 and L = KP1 . Denote by g the round metric on P
1
and take H to be the Hermitian metric induced by g on KP1. Then, any triple (g, ϕ,Ψ), with
ϕ : (P1, g)→ (P1, g) holomorphic isometry and Ψ induced by ϕ gives a supersymmetric solution to
chiral N = 1 supergravity.
Example 4.28. Let (X, g) be a hyperbolic Riemann surface with g of constant negative curvature −1
and admitting non-trivial holomorphic isometries (consider for example X hyperelliptic curve and
consider its hyperelliptic involution). Take M = X and define L = T 1,0X to be the holomorphic
tangent bundle of X . Furthermore, we take H = gc, where gc denotes the Hermitian structure
induced by g on T 1,0X . With this choice of Hermitian structure H, the Kähler metric associated
to the Chern curvature of H in the sense of 3.11 is again g. Hence G = g. We claim that every
isometry:
ϕ : (X, g)→ (X, g) ,
gives rise to an anti-supersymmetric solution (g, ϕ,Ψ)with respect to the chiral triple (T 1,0X, gc,W =
0) on the pair (X,M = X). To see this, note that we can define Ψ = dϕ since:
dϕ : T 1,0X
≃
−→ (T 1,0X)ϕ ,
is an isomorphism of holomorphic line bundles. Hence, the conditions of Theorem 4.12 are satisfied
and such (g, ϕ,Ψ) is a solution of chiral N = 1 supergravity on X associated to the chiral triple
(T 1,0X, gc, 0). Since ϕ is assumed to be an isometry, direct computation shows that:
|dϕ|2g,G = 2 ,
and thus:
ϕ∗G = g =
g
2
|dϕ|2g,G ,
as claimed in Theorem 4.24.
Example 4.29. Let X be a compact hyperbolic Riemann surface not of hyperelliptic type. Then,
the canonical bundle KX of X is very ample [34] and Kodaira’s embedding theorem implies that
for an appropriate n > 1 there exists a holomorphic embedding of X into n-dimensional projective
space:
ϕ : X →֒ Pn ,
satisfying:
KX ≃ ϕ
∗O(1) ,
where O(1) denotes the tautological bundle of Pn. The previous equation implies that there exists
an isomorphism Ψ of holomorphic line bundles:
Ψ: T 1,0X
≃
−→ ϕ∗O(−1) .
Furthermore, the Hermitian structure H on O(−1) induced by the Fubini-Study metric on Pn
makes (O(−1),H) into a negative line bundle. Therefore, (O(−1),H, 0) is a chiral triple on the pair
(X,Pn) and (g, ϕ,Ψ) is a supersymmetric solution, where g is constructed in terms of H, ϕ and Ψ
as prescribed by Theorem 4.24.
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We present now a large family of supersymmetric solutions (g, ϕ,Ψ) to chiral N = 1 supergravity
associated to a special class of scalar manifolds (M,Q) admitting plurisubharmonic functions and
having vanishing superpotential.
Let X ⊂ C be a complex domain in C with complex coordinate w and letM be an n-dimensional
complex manifold admitting smooth strictly plurisubharmonic functions. For example, we can take
M = Cn, we can take M to be any open Riemann surface, or more generally we can take M to be
a Stein complex n-manifold. Fix a smooth plurisubharmonic function φ : M→ R on M. Let L be
the holomorphically trivial complex line bundle over M, and let us fix a holomorphic trivialization
L =M× C. In this trivialization, we define a Hermitian structure H as follows:
H(f1, f2)
def.
= eφf1f¯2 ,
where f1, f2 : M → C are smooth functions. Since the cotangent bundle of X is holomorphically
trivial, the triple Q
def.
= (L,H, 0) is a chiral triple on (X,M) for any holomorphic map:
ϕ : X →M .
In particular, Lϕ is holomorphically isomorphic to Λ1,0(X). Let us trivialize Lϕ as Lϕ = X ×C by
using the pull-back of the fixed trivialization of L. The holomorphic cotangent bundle of X is the
complex span of {dw}. Using the previous trivializations and the complex coordinate w, we define
an isomorphism of holomorphic line bundles Ψ: Λ1,0(X)
≃
−→ Lϕ as follows:
Ψ(dw) = 1
With these provisos in mind, Theorem 4.12 implies the following result.
Corollary 4.30. In the set-up introduced above, any triple (g, ϕ,Ψ) with ϕ : X →M holomorphic
and g given through its associated Hermitian metric on Λ1,0(X) as follows:
g∗c = Ψ
∗Hϕ ,
is a supersymmetric solution of the chiral N = 1 supergravity associated to Q.
Remark 4.31. This corollary can be easily adapted to yield anti-supersymmetric solutions instead
of supersymmetric solutions. In order to do this, simply consider the holomorphic tangent bundle
of X instead of its cotangent bundle. We leave the details to the reader.
Let us explore in more detail the solution provided by the previous corollary. Let (g, ϕ,Ψ) be such
a solution. The Hermitian structure Hϕ on Lϕ reads:
Hϕ(f1, f2) = e
φ(ϕ)f1f¯2 ,
Using the explicit form of Ψ, the two-dimensional metric g associated to ϕ as described in Theorem
4.12 reads (we take κ = 2 for simplicity):
g = (Ψ∗Hϕ)∗ = e−φ(ϕ)(w)dw ⊙ dw¯ .
Explicit computation gives the following formula for the scalar curvature:
Rg = ∆g(φ(ϕ)) ,
showing that it is non-negative, as required by Theorem 4.12, since φ is plurisubharmonic. Direct
computation shows that:
|dϕ|2g,G = ∆g(φ(ϕ)) ,
and thus, as required in order to have a supersymmetric solution, we have:
Rg = |dϕ|
2
g,G .
Furthermore:
ϕ∗G =
e−φ(ϕ)
2
∆g(φ(ϕ)) dw ⊙ dw¯ =
|dϕ|2g,G
2
g ,
whence, as required by Theorem 4.12, the Einstein equation for (g, ϕ) is satisfied.
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Remark 4.32. Corollary 4.30 provides us with an infinite family of supersymmetry solutions to
chiral N = 1 supergravity associated to the type of chiral triple introduced above. Remembering
that the supergravity theory considered on X is a reduction of the Lorentzian theory, we can easily
reconstruct the associated family of Lorentzian solutions. We have M = R2 ×X and:
g = −dt⊙ dt+ dx⊙ dx+ e−φ(ϕ)dw ⊙ dw¯ ,
which gives, for fixed X and M, a family of Lorentzian metrics on M depending on the choice of
plurisubharmonic function φ on M and holomorphic map ϕ : X →M.
We present now two explicit examples of the previous construction.
Example 4.33. Let us set X = C and M = C∗ with its standard Kähler form. Let L be the
holomorphically trivial complex line bundle over M, and let us fix a trivialization L = C∗ × C. In
this trivialization, we define H as follows:
H(f1, f2)
def.
= e|z|
2
f1f¯2 ,
where z is a fixed complex coordinate of C∗ and f1, f2 : C
∗ → C are smooth functions. The curvature
of the Chern connection associated to H reads:
Θ = −dz ∧ dz¯ ,
whence it is negative and its associated Kähler form V and Kähler metric G are given by:
V =
i
2π
dz ∧ dz¯ , G =
1
2π
dz ⊙ dz¯
We define:
ϕ
def.
= C→ C∗ , w 7→ ew ,
as a potential candidate for chiral map and in particular a solution of chiral N = 1 supergravity on
X . Clearly, dϕ is an isomorphism of vector bundles. The complex line bundle Lϕ is holomorphically
trivial over X and we use the pull-back trivialization of L to set Lϕ = X ×C. Let now w denote a
global complex coordinate on X = C. The holomorphic tangent bundle of C is the complex span of
{dw}. We define an isomorphism of holomorphic line bundles Ψ: Λ1,0(X)
≃
−→ Lϕ as follows:
Ψ(dw) = 1
in the chosen trivializations. With these provisos in mind, (L,H, 0) is a chiral triple on (C,C∗).
The Hermitian structure Hϕ on Lϕ reads:
Hϕ(f1, f2) = e
ew+w¯f1f¯2 ,
Using the explicit form of Ψ, the two-dimensional metric g associated to ϕ as described in Theorem
4.12 reads:
g = (Ψ∗Hϕ)∗ = e−e
w+w¯
dw ⊙ dw¯ .
Since ϕ is a holomorphic immersion, in fact it is a holomorphic unramified covering, and g is
constructed as required by Theorem 4.12, we conclude that (g, ϕ,Ψ) is a supersymmetric solution
with respect to the pair (C,C∗) and the chiral triple specified above. Explicit computation gives
the following formula for the scalar curvature:
Rg = 4
eω+w¯
e−ew+w¯
,
showing that it is negative definite and bounded. Direct computation shows that:
|dϕ|2g,G = 4
ew+w¯
e−eω+w¯
,
and thus, as required for a supersymmetric solution, we have:
Rg = |dϕ|
2
g,G .
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Furthermore:
ϕ∗G = 2 ew+w¯dw ⊙ dw¯ =
g
2
|dϕ|2g,G ,
and thus, as expected, the Einstein equation for (g, ϕ) is satisfied.
Example 4.34. Let us set X = C and M = C with its standard Kähler form. Let L be the
holomorphically trivial complex line bundle over M, and let us fix a trivialization L = C × C. In
this trivialization, we define H again as follows:
H(f1, f2)
def.
= e|z|
2
f1f¯2 ,
where z is the complex coordinate of M = C and f1, f2 : C→ C∗ are smooth functions. Then, the
curvature of the Chern connection associated to H reads:
Θ = −dz ∧ dz¯ ,
whence the associated Kähler form V and Kähler metric G read:
V =
i
2π
dz ∧ dz¯ , G =
1
2π
dz ⊙ dz¯
We define:
ϕk
def.
= C→ C , w 7→ wk , k ≥ 1 ,
as a potential candidate for chiral map and in particular a solution of chiral N = 1 supergravity
on X , where w denote a global complex coordinate on X = C. The complex line bundle Lϕ is
holomorphically trivial over X and we use the pull-back trivialization of L to set Lϕ = X × C.
The holomorphic cotangent bundle of C is the complex span of {dw}. We define an isomorphism of
holomorphic line bundles Ψ: Λ1,0(X)
≃
−→ Lϕ as follows:
Ψ(dw) = 1
in the chosen trivializations. With these provisos in mind, (L,H, 0) is a chiral pair on the pair (C,C)
for any holomorphic map ϕ : C → C. The Hermitian structure Hϕ on Lϕ reads (we take κ = 1 for
simplicity):
Hϕ(f1, f2) = e
(ww¯)kf1f¯2 ,
Using the explicit form of Ψ, the two-dimensional metric g associated to ϕ as described in Theorem
4.12 reads:
g = (Ψ∗Hϕ)∗ = e−(ww¯)
k
dw ⊙ dw¯ .
Since ϕ is a holomorphic map and g is constructed as required by Theorem 4.12, we conclude that
(g, ϕ,Ψ) is a supersymmetric solution with respect to the pair (C,C) and the chiral triple specified
above. Explicit computation gives the following formula for the scalar curvature:
Rg = 4 k
2(ww¯)k−1e(ww¯)
k
,
showing that it is positive semi-definite. Direct computation shows that:
|dϕ|2g,G = 4 k
2(ww¯)k−1e(ww¯)
k
,
and thus as required for a supersymmetric solution we have:
Rg = |dϕ|
2
g,G .
Furthermore:
ϕ∗G = 2 k2(ww¯)k−1dw ⊙ dw¯ =
g
2
|dϕ|2g,G ,
and thus, as expected, the Einstein equation for (g, ϕ) is satisfied. The only critical point of ϕ is
0 ∈ C, which corresponds to the only point in C at which the Gaussian curvature of g vanishes,
as required by Theorem 4.12. Note that, crucially, although the symmetric bilinear form ϕ∗G is
degenerate at 0 ∈ C, the physical metric g constructed as prescribed by Theorem 4.12 is regular at
0 ∈ C. Recall that (g, ϕ,Ψ) cannot be smoothly extended to the one-point compactification of C,
given by the Riemann sphere P1. Furthermore, this example is not covered by Theorem 4.20 since
the total curvature of g is not finite.
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5. Conclusions and open problems
In this article we have constructed a global geometric model for the bosonic sector and Killing
spinor equations of four-dimensional N = 1 supergravity coupled to a Spinc0(3, 1) structure and to
a non-linear sigma model, whose target space is given by a complex manifold admitting a novel
geometric structure which we call chiral triple. We have dimensionally reduced the theory to a
Riemann surface X and we have characterized all supersymmetric solutions on a Riemann surface
X , classifying the possible biholomorphism types of X for supersymmetric solutions with complete
Riemannian metric and finite scalar energy. Furthermore, we have introduced the notion of anti-
supersymmetric solution as a solution of a natural variation of the Killing spinor equations and we
have characterized all anti-supersymmetric solutions on a Riemann surface. More generally, we have
obtained a system of partial differential equations for a harmonic map with potential mapping a
Riemann surface into a Kähler manifold which appears to be novel in the literature and arises here
as a consequence of N = 1 chiral supersymmetry.
The geometric model we have constructed involves a number of new mathematical structures
which have not been explored in the mathematical literature. As a consequence, the present work
opens up several possible novel lines of research. We summarize some of them:
• The geometric model presented in this article is based on the notion of chiral triple. Asso-
ciated to this concept there are two natural problems. The first consists on characterizing
which pairs (X,M) consisting of a Riemann surface X and a complex manifold M admit
chiral triples and thus give rise to admissible non-linear sigma models for N = 1 chiral su-
pergravity. The second problem consists on classifying the space of chiral triples on a given
pair (X,M), studying if these structures come in families and give rise to finite-dimensional
moduli spaces.
• We have characterized all supersymmetric solutions on Riemann surfaces X for which the
superpotential vanishes. However, the problem of classifying which Riemann surfaces or
Lorentzian four-manifolds admit supersymmetric solutions with non-vanishing superpoten-
tial (or even vanishing superpotential in the latter case) remains completely open. We
expect the solution to this problem to heavily depend on the choice of scalar manifold and
superpotential, whence a general solution will be probably out of reach. It is then reason-
able to consider first the classification problem in the four-dimensional case for which the
superpotential W vanishes, as explained in Section 3.6, which is still open and where we
can expect a complete classification result.
• A very interesting class of supergravity solutions consist on globally hyperbolic Lorentzian
four-manifolds. The main result of [12] characterizes the most general form of a globally
hyperbolic Lorentzian manifold. Using this explicit presentation for the Lorentzian manifold,
it would be very interesting to consider N = 1 chiral supergravity on such manifolds and
reduce it to the corresponding Riemannian three-manifold, obtaining a set of supersymmetric
flow Killing spinor equations on a three-manifold and studying its properties.
• In some specific situations, such as in the Riemannian product of Minkowski two-dimensional
space and a Riemann surface, the Killing spinor equations of the theory give rise to well-
defined moduli spaces of solutions. In these cases, one is likely to obtain novel moduli
problems, involving maps to a Kähler manifold, which have not been studied in the literature
and may help understanding the space of solutions to supergravity theories and may have
further applications in differential topology. For the case considered in Section 4.1, we obtain
a moduli problem which consists on a variation of the moduli problem of holomorphic maps
from a Riemann surface into a complex manifold.
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• We have considered a geometric model in which, using the language introduced in [42], the
Lorentzian submersion π describing the scalar sector of the theory is metrically trivial. It
remains open to study the problem of constructing a geometric model for the Killing spinor
equations in the case in which π is a non-trivial flat Lorentzian submersion.
• We have considered a geometric model for chiral N = 1 supergravity not coupled to gauge
fields. It would be very interesting to extend the construction as to include gauge fields by
constructing the appropriate duality bundle over the scalar manifold of the theory.
• A particularly interesting open problem in the context of the program to construct the
mathematical foundations of geometric supergravity, is to extend the present geometric
model to N = 2 ungauged supergravity coupled to vector multiplets, understanding the
notion of chiral triple and symplectic duality bundle appropriate for this case, which needs
to encode the appropriate notion of projective Special Kähler geometry [2, 24, 54] required
for the construction of the theory.
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